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The global atmosphere

windat 10 m (m/s)

,_.r,:’f = 10 20

Six days of wind at 10 m - p Video: www.ime.usp.br/~pedrosp/talks/2026-polimi/figures/video-weather.mp4

ECMWF open data (CC BY 4.0), IFS Forecast of 29 Oct 2026, 00 UTC
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https://www.ime.usp.br/~pedrosp/talks/2026-polimi/figures/video-weather.mp4

Global Models
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latitude-longitude

cubed sphere icosahedral triangles

Voronoi, quasi-uniform

Voronoi, locally refined

« Lat-lon: tiny polar cells limit explicit time steps = Quasi-uniform cells: explicit and local, scales on
= Semi-implicit, semi-Lagrangian: long steps, but ~ Mdny COres
global solves (e.g. ECMWEF IFS model|, = lcosahedral/Voronoi: MPAS, ICON, NICAM,
UKMetOffice) DYNAMICO, GRIST, MONAN

Explicit: local, but the step is set by the smallest cell - Implicit: long steps, global communication

Williamson, J. Meteor. Soc. Japan (2007); Staniforth & Thuburn, Q. J. R. Meteorol. Soc. (2012)
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MPAS and MONAN

y ;7’3}”/.... SN \/ Model for Ocean-
VS0 PSR e \\;\\\ 7\ laNd-Atmosphere
MPAS AR A
Y4 AAPE TT I A0 ¢ MONAN
MOdeI for PrediCtion Ac ross Scales /)@"ggﬁ%?‘g’?g’....'..sg'....‘“‘\“‘\‘\ MONAN Regional 20260729;2?;;;;::?::2 | prec24h 024 h
/ I L N . AMS_C6R4| IIVIax:S. mm |I’VIean:2:41 mm
(7

._.
(9]
(mm/24h)

MONAN, Brazil's community model built on MPAS, operational at INPE since 3 September 2026:
global = 10 km, 11-day forecasts twice a day; next, 5 km over South America

Skamarock et al., Mon. Wea. Rev. (2012); Ringler et al., J. Comput. Phys. (2010); monanadmin.github.io (Sep. 2026)
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The catch: low order on irreqgular cells

Mom Eq RMS Errors

Mom Eq Max Errors
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- 0.0e+00 glevel glevel
—6— TRSK-HCT-SCVT = # = TRSK-HCT-HR95 : =4—: MODF-HCM-HR95 01 02
- —2.2e-05
TRSK (MPAS) truncation error, momentum equation: no convergence on
Sl irreqular grids
. -6.6e-05
s I~ = Errors follow the grid, not the flow: grid imprinting
,f; Pk, _"nyﬁﬁ_t‘\ ) . . . . .
R 1.10-04 = Higher-order finite volumes need wide stencils:

Divergence of a solid-body rotation (exactly zero), icosahedral grid, less locallty

40 962 cells (= 120 km)

Inconsistency, but with enough accuracy to allow MONAN to be operational!?!

Peixoto & Barros, J. Comput. Phys. (2013); Peixoto, J. Comput. Phys. (2016); Weller, Thuburn & Cotter, Mon. Wea. Rev. (2012)
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Goal: high order, local in space

High-order discretizations on polygonal grids, robust to cell irregularity,
that keep the data locality of finite volumes

High-order finite volume Polytopal DG One ghost layer per rank

the stencil grows with the order degree p inside, fluxes through faces only one exchange per Runge—Kutta stage
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Polytopal discontinuous Galerkin (PolyDG)

=« DG on arbitrary polygons and polyhedra

= hp-theory on general meshes, faces of any size

= Exact, quadrature-free integration on polytopes
= Seismic waves, brain, poroelasticity, ...

= Not yet for geophysical flows: rotation, balance,
vortices

This work: PolyDG for the rotating shallow
water equations

W Vulpes

open-source C++ PolyDG library

Cangiani, Georgoulis & Houston (2014); Antonietti et al. (2016, 2018, 2021, 2022). Meshes: Corti, Bonizzoni & Antonietti, J. Sci. Comput. (2024)
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Rotating shallow water equations

Vector-invariant form:

rolia;t_ig1 f om+V-(mu)=0 (continuity)
19 free surface n+b Oqu + (C T f) uL +VB =0 (momentum)

/—/r\/\_/ Czaxv—ayu, B:g(n_l_b)_I_%‘uP

77 ' = Mass, energy, potential vorticity ¢ = ({ + f)/n
u(z, y, t) = Linear regime:

e v \—_/Ib\ - - steady geostrophic mode, fut = —gVn

- inertia—gravity waves, w? = f? 4 gH|k|?

= f-plane, bi-periodic, Earth-sized: no sphere yet

| The standard first step for the dynamical cores of global weather and climate models

Williamson et al., J. Comput. Phys. (1992); Vallis, Atmospheric and Oceanic Fluid Dynamics, Cambridge (2017); Zeitlin, Geophysical Fluid Dynamics, Oxford (2018)
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Discrete space on polygons

p=1 p=3
B.

Basis function Lo(x) L1 (y) of the bounding Example of a smooth field (stationary vortex), cell by cell
box B,
. V}f’: degree p per polygon, discontinuous = Exact integration: quadrature-free or sub-
triangles

=« Modal: Legendre polynomials of the bounding
box = Block-diagonal mass matrix, explicit RK4
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The weak form

On each polygon &, test with ¢ € PP(x) and integrate by parts:
(0nh, @) — (MR, Vo), + (MU -1y, ¢)oe =0

(Oun, @) + ((Cn + Huy,¢), — (Br, Vo) + (Bny, ¢)oe =0

= Volume terms: local to K

= Momentum: only V Bis integrated by parts

- Onaface, twotraces: {a} = 2 (a” +a"), [a] =a —a™

= Numerical fluxes: one value per face, the only coupling

Pedro Peixoto (ppeixoto@usp.br) 10 l | K )_lJ



Fluxes: energy-conjugate, normal penalty
o= {Fy} o+ (B

Ez{Bh}}+%[[Fh-n]]

« F';, = mpuy and By energy-conjugate pair
OE/dn= B, dE/éu = nu

= Each flux penalized by the jump of the other variable

= Only the normal mass-flux jump is penalized

= Penalty strength o > 0: a local wave speed (HLL)

_ |8L8R| Harten—Lax—van Leer (HLL): s7, s the slowest and the fastest of
Nr: mean depth on the face o = _ — :
Sp — ST, u - n F 4/gnonthe two sides

Inspired by Ricardo, Lee & Duru, J. Comput. Phys. (2024): collocated vector-invariant DG on the cubed sphere

B Y
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Vorticity: upwind weak curl

= The tangential jump is not penalized: it carries
geostrophic balance

= It enters only through the vorticity (7, a weak curl:
¢ = 0,v — Oyuintegrated by parts, with one
tangential velocity per face, taken upwind

(Cha ¢)l€ — _(uh7 VJ_¢)/4: - <¢7 u; . t>0/<c

T . o . — . d
1, = u, oru,: the upwind side, by the sign of the K~ upwin

mean { uy, } - non the face

/I\

« (Cn + f) u;-: volume term only

Weak curl with average trace: Ricardo, Lee & Duru, J. Comput. Phys. (2024); upwind trace (y = 1 in the paper): this work
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What we prove, on any polygonal mesh and any p

v/ Mass locally and globally conserved, every 8

v Absolute vorticity Jo(Cn + f) = f 19| exactly (weak curl)

/ Linear energy % =—>par(gln,1I1?+ H|[us-n]||*) <0
/ Linear balance n, = §¢h, up = V>, ¢, € C:steady, every 3

v Nonlinear energy penalties dissipate, up to a projection defect

/ Lake at rest preserved, with the bottom in V"

No mesh regularity or convexity needed: stability for every 8 > 0 in the linear regime

Pedro Peixoto (ppeixoto@usp.br) 13 l | O)_Ij



Test bed: Voronoi meshes on the plane

distorted, d=0.3

zoom on 11600 cells

regular hexagons
256 cells

quasi-uniform
256 cells, defects B

locally refined
1024 cells, 2x finer core

SRS
o .O.o."..o:.‘}%o..o.

ST
B
sissssg

Seseioecegeg
a8eeSesasesatsscass

= Earth-sized torus, H = 10 km, f-plane

=p=1,...,4,RK4, 8= 0.5, upto 65536 cells

= Same meshes: TRSK (MPAS) and Peixoto

(2016)

« Balanced zonal flow, vortex, unstable jet

Pedro Peixoto (ppeixoto@usp.br)
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Convergence: order p + 1 on every mesh

reqgular hexagons quasi-uniform locally refined

| dotted: orderp 41

relative depth error

.
.

~3¢ - TRSK (MPAS)
10-13{ ——+~- Peixoto (2016)

64 1024 16 384 64 1024 16 384 64 1024 16 384
cells cells cells

Unknowns per cell: TRSK 4 (1 depth, 3 normal velocities) - PolyDG 9, 18, 30, 45 forp = 1-4
Finest quasi-uniform mesh (65536 cells): 43 slightly obtuse dual (Delaunay) triangles

PolyDG keeps order p + 1 on every mesh; TRSK drops to first order on the quasi-uniform one
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Robust to cell distortion

= 11600 cells, random displacement of the generators,

207 TRSK
o
[ =X x14
= 10' xa’
o ad
Z Red
S 7 .
c 5 V4 Peixoto (2016)
,,’ x1.9
1—:$:—-—-.'; O * =——x=0 ® POlyDG
p=1-4
0.0 0.1 0.2 0.3
distortion d

d=0— 0.3

= PolyDG error dominated by the projection: insensitive

to the cell shape

(e) PolyDG p=1, d=0, 11600 cells

(f) PolyDG p=1, d =0.3, 11600 cells

PolyDG p = 1 depth error,d = 0andd = 0.3

Same resolution, distorted cells: PolyDG error bands follow the flow, not the cells

0.3

0.2

0.1

0.0

—0.1

—0.2

cell mean of g, —n (m), p=1

|
<
o
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Local refinement without imprinting

PolyDG, p=1 TRSK (MPAS) Peixoto (2016)
error x 5 e . * e
et » “‘\ ';’: i
\us ”,I X
’: s”r‘é. ’ M’.f
i’* pw‘ ;.. :.J
. - Wha b o gh o Rp Tl
= Zonal balance, 16384 cells, core 2x finer,day1 = TRSK: as large in the core as outside, largest on
= PolyDG p = 1: error 5x smallerin the refined the transition
core

= Peixoto (2016): dipoles along the transition

Pedro Peixoto (ppeixoto@usp.br)
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Barotropically unstable jet

relative vorticity ¢ (109 s~

day 20.0

0

p=4, 4096 cells
184320 DOF / ‘ .

p—1, 65536 cells

589 824 DOF

» Video, 20 days: www.ime.usp.br/~pedrosp/talks/2026-polimi/figures/video-jet.mp4

Pedro Peixoto (ppeixoto@usp.br)
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High order pays off

p=1,16384 cells- 147456 DOF p=23,4096 cells - 122 880 DOF

7>

= Day 10, same window,
comparable DOF: all unknowns

(7w, v)
= p = 3 0n 4096 cells forms the

vortices that p = 1 smears on
p=1,65536cells- 589824 DOF p=2,16384 cells- 294912 DOF 16 384

»p=20n16384 cellsbeatsp =1
on 65536 with half the DOF

At equal cost, high order wins

Pedro Peixoto (ppeixoto@usp.br) 20 I | K )_lJ



Local refinement in the jet

northern jet, across the refined region southern jet, rotated by 180 °

= 4096 cells, day 14

= North jet crosses the refined core:
thinner filaments

= South jet, its mirror image: background
cellsvisibleatp = 2

= No feature marks the transition band

relative vorticity ¢ (107°s™1), day 14

Pedro Peixoto (ppeixoto@usp.br) 21 l | K )_lJ



Parallel efficiency

65 536 cells, 1.2-2.9 M unknowns relative to one core
10" 100
@ i _. 80 |
o | S |
g 10° i = |
E .' LC) 60_ |
@ i CIJ |
a \ O .
Q B [ | :
E 10 § T 0 — poo |
201 —* P=9
dotted: ideal i —— p=14 ione node
10721 | | | | | 01— | . | | .
1 4 16 48 192 480 1 4 16 48 192 480
cores cores
= One ghost layer, one exchange per RK stage = =90 % efficiency on a 48-core node, p = 2-4
= Block-diagonal mass matrix: no global solve = Beyond a node (TCP): less loss at high p

Pedro Peixoto (ppeixoto@usp.br) 22 l | K )_lJ



Take-home messages

= PolyDG for the rotating shallow water equations on any
polygonal grid

= Energy-conjugate, normal penalty + upwind weak curl:
proven conservation, linear stability and balance

= Order p + 1 onirregular, distorted and refined Voronoi
meshes: no grid imprinting

=« High order pays off, and stays local in space

Next: curved polygons on spherical Voronoi grids,
towards MPAS and MONAN

P.S. Peixoto, F. A. V. B. Alves, I. Fumagalli, P. F. Antonietti, Polytopal discontinuous Galerkin methods for the rotating shallow water equations on polygonal grids (2026)

Pedro Peixoto (ppeixoto@usp.br) 23 l | K )_lJ




Thanks!

Polytopal discontinuous Galerkin on Voronoi grids
_for geophysical fluid dynamics

- 7
i N A Fapesp QRcnpg RS

New generation
methods for nume
simulations

an . uncil NEMESIS

the European Union

github.com/vulpeslib/vulpes - ppeixoto@usp.br - www.ime.usp.br/~pedrosp

Funded by the European Union (ERC Synergy Grant NEMESIS, 101115663). Views and opinions expressed are however those of the authors only and do not necessarily reflect those of the European Union or the
European Research Council Executive Agency. Neither the European Union nor the granting authority can be held responsible for them.
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Backup: mass

Proposition (mass). For every p > 0, every polygonal mesh and every 5 > 0, the scheme is locally

d
conservative and — = (.
dt /Q’Oh

Proof. Take ¢ = 1 on & in the continuity equation. The volume term (nup, V1), vanishes, so

d

— = — [ nu-n,.
dt /s:’rlh 8/6)77 i

The Flux is single-valued and n, changes sign across a face, so the face terms cancel in the sum over
the cells of the bi-periodic domain.

= Each cell changes only through the fluxes it shares with its neighbours

n fﬂ M, is linear in the state: it holds for RK4 as well

= Needs single-valued fluxes only: no mesh regularity, any 8

e Y
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Backup: total absolute vorticity

Proposition (total absolute vorticity). With the weak curl, fﬂ (5, = 0 atalltimes, so
fQ(Ch + f) = f|Q|is conserved exactly.

Proof. Take ¢ = 1in the weak curl. Since V1 = 0,
(Chy 1) s = (1, 112 1) ok
"

The trace u, issingle-valued on each face, and the two neighbours run through the face with
opposite tangents t, so the face terms cancel in the sum over the cells.

= The element-wise curl 9,v, — Oyup gives [ (=D 5 [p[up-t] #0
= Holds for the average trace and the upwind trace alike

= Potential enstrophy and the other Casimirs are not conserved

e Y
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Backup: energy, linear regime

Proposition (energy identity). Linearized about rest, with B, = + [, (g (1},)? + H |up|?), for
every p, every polygonal mesh and every 8 > 0,

4, == 2 ar (gl Wiscey + H lwn-llixgs) <0

Proof. Test the continuity equation with gn}l and the momentum equation with H uy, bothin V}f.
The Coriolis term gives H f u}f -1y, = 0 pointwise. The volume terms combine into the boundary

term gH [, _m, up - n.Oneachface,bya™d™ —a™b" = {a }[b] + [a]{ b}, itcancelsthe
central parts of the fluxes, and the penalty parts are left.

= Stable forevery 8 > 0, and 8 = 0 conserves the energy exactly

= So Bis a matter of accuracy and grid-scale noise, not of stability

e Y
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Backup: energy, linear regime, in the runs

(c) Plane wave with rotation: energy, p=2 (d) Geostrophic balance: energy, p=2

AN 0_

i

o

o)

s 11

& ]
~—

& —2—-
4 ]

1
0.00

0.75
t (days)

1
0.25  0.50

AN 0 H
1024 cells | T 8- 1024 cells
o ——
= —1A CSIIoe-
S R e
= 9- ~~I1>-
E Bl 5=0 penalty
‘L‘u 3 - B 5=0.25 = == pormal
4 B 5-05 full
1 | 1 | | 1 1 | |
1.00 1.25 1.50 0.0 0.2 0.4 0.6 0.8 1.0
t (days)

= C.Plane wave, p = 2: 8 = 0 conserves the energy (RK4 error only), 8 > 0 decreases it

monotonically

« d. Geostrophic balance: the full Cartesian penalty dissipates 1.5-1.9 times more than the normal

one

Pedro Peixoto (ppeixoto@usp.br)
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Backup: geostrophic balance, linear regime

Proposition (discrete balance). Let 1, € V}f’ be continuous, 1}, = 5 Yy, and up, = V14p,. With
the normal penalty, this state is exactly steady for the linear scheme, for every 8 > 0.

Proof. In each cell, V - V+4, = 0, and fuﬁ = — f V1, cancels g V), = f V). On each face the
residuals combine

[m,]=<[¢a] =0 and [us-n]=—[dwn] =0,

since 1, is continuous and so is its derivative along the face.

= Afull velocity penalty adds a| uy - t | = af OnPr | # O: the balance is lost
= Continuous 15, beyond the constants exist from p = 4 on these meshes

= A smooth 1) is balanced up to face jumps that vanish under refinement
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Backup: energy, nonlinear regime

Proposition (energy budget). With the projection errorseg = (I — I1;)Bp, er = (I — II;)Fy,
for every p, mesh and a > 0 (no Froude condition):

dEh = —ZR ;AF—;PF,

o /1 1
B < _ pad 3o, = 2
Pr<Dr L4(9H63ﬂ +7715’[[6151 n]])

Proof. Test with IT;, B, and I1;, F;, the projections of 6 E//én and 6 2/ du. Since
|II,Br] =[Br] —|es]. completing the square gives

[Br[111Br] = ([ Br] — [[eB]])2 — +[er]? and the same for F}, - n.

= Energy-conjugate pairing: a sum of squares up to D ; same-variable penalties are indefinite when
fu-t}#0

= R, (rotation) and A involve projection errors: a full estimate is open
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Backup: lake at rest

Remark (lake at rest). With the bottom bin V7, the state uy, = 0,75, + b = H is steady, for
every 8 > 0.

Proof. At rest By, = g(n, + b) = gH is constant and F;, = npuy = 0. The Bernoulli volume term

cancels its central face term (integration by parts of a constant), the mass-flux terms vanish with F',
and the penalties vanish since [ By, | = 0and [Fj ] = 0.

= The energy-conjugate pairing does it: a depth penalty a| 775 | = —a[ b ] would not
= Positivity of 1, is not guaranteed (deep water here)

= A property of the formulation: topography is not implemented in the solver
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Backup: convergence, both steady states

regular hexagonal quasi-uniform locally refined
cells cells
65536 1024 64 65536 1024 64
b b ' 1 1 | | | 1 | 'S T T |
o_— 1072 -
8 —
==
= = 1076 4
'Q fr—
=
g Q.): 10—10 -
N p—
109 A
P —
L —~
2 1073
S
%Di 10—6 -
25 107 -
r r F | | I | I Ll I I | r I I | | |
200 1600 6300 220 1700 6600 290 2200 8700
P (k) P (k) P (km)
—0— PolyDG p=1 —— p=2 —— p=3 —— p=4 rate p+ 1 --%-- TRSK Peixoto (2016)
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Backup: quadrature-free integration

Euler’s identity + divergence theorem, monomial m = w“yb:

1
/md:x:— 2—|—a,—i—b (xp - N, /mds

= Recursively down to the face endpoints: exact, no sub-
triangles

= Bilinear forms (mass matrices): once, at set-up

= Nonlinear residual: sub-triangulation (cheaper for
products of fields)

Antonietti, Houston & Pennesi, J. Sci. Comput. (2018); Radley, Houston & Hubbard, Math. Eng. (2024)
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