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Atmospheric Wave Dynamics

Rossby-Haurwitz Waves
Slow dynamics governed by potential vorticity.
The jet stream interacting with a Rossby Wave.
NASA/GSFC

Inertio-gravity Waves
Fast dynamics driven by gravity and buoyancy.
Terra satellite capturing gravity waves in clouds in Indian 
Ocean.
NASA/GSFC

Pedro Peixoto (ppeixoto@usp.br) | Applied Mathematics, University of São Paulo



Wave Dynamics - Linear

Linear Horizontal 
     Dynamics 
(on the sphere)

Fast

Slow

Multiscale
Independent

Linear Rotating Shallow Water Eigenvalues 
(Hough modes) on the sphere with 10km 
equivalent depth



Wave dynamics -> Nonlinear coupling

Nonlinearities break the independence   
Energy exchanges, Waves coupling

RH(4,5)

EG(7,9)

RH(3,4)

RH(1,2)
EG(1,1)

RH(3,6)

U. Achatz. The Dynamics of the Shallow-Water Equations. In: Atmospheric Dynamics. Springer Spektrum, Berlin, Heidelberg, 2022.
A. Madja. Introduction to PDEs and Waves for the Atmosphere and Ocean. American Mathematical Society, 2000.



Computational Relevance of Nonlinear interaction

Numerical Models

Efficiency

Fast gravity waves => smaller time-step 
(stability in explicit numerical models)

Often these waves are filtered or attenuated 
out to allow for larger steps in slow dynamics 
studies.

Durran, D. R. (2010). Numerical methods for fluid dynamics: With applications to geophysics (Vol. 32). Springer Science & Business Media.
R. Salmon (1998). Lectures on Geophysical Fluid Dynamics. Oxford.

Scale separation: nonlinear coupling 
breaks comom scale separation 
assumptions in numerical models.

Risk of losing slow frequency waves originated from fast nonlinear coupling



Impacts on Fast-Slow Nonlinear Wave Interactions

Seasonal/Climate phenomena

Madden Julian Oscillation

A key driver of tropical weather variability, 
influencing:

● Global rainfall patterns

● Genesis of tropical cyclones

● Interactions with El-Niño cycles

Do fast waves affects these slow evolving 
phenomena?

Yoneyama, K., & Zhang, C. (2020). Years of the maritime continent. Geophysical Research Letters, 47(12), e2020GL087182.
 C. Zhang. Madden-julian oscillation. Rev. Geophys., 2005.

Low frequency (weeks+) phenomena usually cannot be explained by linear theory



Background: Maths and Some Key Papers

Embid and Majda (1996)
Shallow Water Eq., f-plane and derive the averaging principle

Vortical modes move independently of gravity modes; solutions in 
quasi-geostrophic regime.

Raupp and Dias (2005)
Equatorial-plane Shallow Water Equations

Energy redistribution between Rossby/gravity waves. High 
frequency affects interseasonal dynamics.

Raphaldini et al. (2022)
Barotropic nondivergent model on the sphere

Rossby-Haurwitz waves & Precession resonance. Nonlinear 
contributions to low frequency.

Schubert et al (2008) / Verkley (2009)
Quasi-geostrophic model on the sphere theory

Good approximation for slow dynamics of the Shallow Water model.

Vannest and Vial (1994)
Slowly rotating sphere

Analytical solutions for Rossby-Haurwitz (rotational) and Gravity 
(divergent) interactions.

Open Problem
Nonlinear interactions analyses for the 

Shallow Water Equations on the Sphere

On the plane

On the sphere



Rotating Shallow Water Model on the Sphere

Fast (gravity) and slow (Rossby-Haurwitz) waves

Stratification obtained in two layer model
Primitive equations obtained as multi-layer SW model



Normal Modes of the RSWE

Laplace’s tidal operator (L) Nonlinear Bilinear Operator (N)

A. Kasahara. Numerical integration of the global barotropic primitive equations with hough harmonic expansion. Journal of the Atmospheric Sciences, 1977.
P. Swarztrauber and A. Kasahara. The vector harmonic analysis of laplace’s tidal equations. Society for Industrial and Applied Mathematics, 1985.

L is linear in longitude 

meridional

zonal For each zonal 
wavenumber there are 
infinitely many meridional 
functions.

Normal Linear Modes Hough harmonics

(Hough function)

N is bilinear



Galerkin Expansion

Expansion in 
Hough harmonics

Projecting on single mode 

Coupling coefficient: nonlinear interaction

B. Raphaldini, P. Peixoto, A. Teruya, C. Raupp, and M. Bustamante. Precession resonance of rossby wave triads and the generation of low frequency atmospheric 
oscillations. Physics of Fluids, 2022.

Constraints for interaction: 

Longitude - zonal wavenumbers: Latitude - Symmetry constraints (wrt equator)



Three waves

Change of variables Three-wave system

A. Craik. Wave interactions and fluid flows. Cambridge University Press, 1988.

Total energy 
(quadratic+cubic)

is conserved

RH(2,3)
Mode a

EG(2,4)
Mode b

EG(4,4)
Mode c



East Gravity to Rossby

RH(2,3)
Mode a

EG(2,4)
Mode b

EG(4,4)
Mode c



4 WAVES

Conserve the Manley-Rowe relations:

…but doesn’t conserve total energy exactly:



4 WAVES

Triad 1

Triad 2

Quartet

Generation of low frequency 
signal!



● Larger period (~ 8 days) 
is generated

● Fastest period remains

Exchange periods - Energy leaking to RH4,5 mode

Triad 2Triad 1

Quartet



Exchange periods - Energy leaking to RH4,5 mode

Changing initial amplitudes of gravity 
waves

Periods larger 
than 50 days !



● Nonlinear spectral analysis of Rotating Shallow Water 

Equations on the Sphere in terms of Hough harmonics.

● Ongoing study of 3, 4, 5-wave systems: The kinetic energy 

fields of Rossby modes can be significantly altered by a 

gravity mode.

● Larger periods of energy transfer can be generated, 

exceeding 50 days. Fast -> Slow.

Final remarks

Gravity waves through nonlinear interactions change the slow dynamics of 
Rossby Haurwitz waves significantly in some cases.



Final remarks

Gravity waves through nonlinear interactions change the slow dynamics of 
Rossby Haurwitz waves significantly in some cases.

- Impacts of fast -> slow mode energy transfers in full shallow water 
system (PDE). How prevalent are they?

- How to make numerical models capture well these slow frequencies 
coming from fast frequencies?

- Interpreting low frequency physical data through the eyes of nonlinear 
interactions: can they explain relevant climate phenomena?

Outlook:
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So far…



  P. Embid and A.Majda (1996)

● f - plane

● Averaging principle

The vortical (slow) modes 
move independently of the 
gravity modes, and in 
average, the solutions are in 
the quasi-geostrophic regime



C. Raupp and P.S. Dias (2005)

● Equatorial      -plane

● Rossby and gravity waves

● Redistribution of energy

● Rossby waves altering 
periods



So far, but on the 
sphere



B. Raphaldini et al. (2022)

● Barotropic nondivergent

● Just Rossby-Haurwitz 
waves

● Precession resonance 
mechanism

stronger energy 
transfer



W. Schubert et al. / W. Verkley 
(2009)

● Quasi-geostrophic model

● Generalization of the 
barotropic nondivergent model

● Good approximation for the 
slow dynamics of the Shallow 
Water model



J. Vannest and F. Vial (1994)

● Slowly rotating sphere

● Rossby-Haurwitz       rotational 

Gravity waves            divergent

● Analytical solutions 



● Spherical vector harmonics

● Infinite system - pentadiagonal

Normal modes - hough

P. Swarztrauber and A. Kasahara (1985).





Hough functionHough harmonic

Hough harmonics

P. Swarztrauber and A. Kasahara (1985).



● Kinetic Energy

● Cubic Energy

Total energy

is conserved

Energy

T. Schepherd. Symmetries, conservation laws, and hamiltonian structure in geophysical fluid dynamics. Advances in Geophysics, 1990.



Higher efficiency           most of the              stronger
                                     total energy           interactions
                                     

Efficiency

M. D. Bustamante, B. Quinn, and D. Lucas. Robust energy transfer mechanism via precession resonance in nonlinear turbulent wave systems. Phys. Rev. 
Lett., 2014.



RH        EIG



● Pump mode        receives/conceals
                                   energy 

● Periodic solutions

● Low efficiency for RH modes 
       (in some cases)

More on three waves

 C. Raupp and P. S. Dias. Dynamics of resonantly interacting equatorial waves. Tellus, 2006.
 J. Harris. The kinematics, dynamics and statistics of three-wave interactions in models of geophysical. PhD thesis, University of Warwick, 2013.
 E. Kartashova and M. Bustamante. Resonance clustering in wave turbulent regimes: Integrable dynamics. Communications in Computational Physics, 2011.



The system does not 
necessarily conserve energy

Bad news

Variations are 

Good news

our case: less than 2%

Four Waves



Measures the percent increase of 
kinetic energy due to the presence of 
a gravity mode

      - measure



Example



Example





● RH modes (4,5) and (3,4) receive more energy in the quartet

● EG mode (1,1) loses kinetic energy

      - measure




