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Abstract

In the 1970s, Nazarova and Roiter developed a differentiation algorithm
for partially ordered sets (posets) with respect to a maximal element, having
Gabriel given it a categorical interpretation through his differentiation functor.
Fonseca studied the behaviour of stable representations of posets, a concept
coined by lusenko and Futorny, under this maximal-element differentiation. She
also related the Cartan matrices of a poset and of its differential. In a similar
fashion, Zavadskij created a differentiation algorithm for posets with respect to
a suitable pair of points, having given, himself, a categorical interpretation of
it. In this work, we also study how Cartan matrices of a poset and of its differ-
ential are connected and how stability is affected, however through Zavadskij's
suitable-pair differentiation procedure.

Keywords: posets, representations, differentiation, stability, Cartan matrix.

Resumo

Nos anos 1970, Nazarova e Roiter desenvolveram um algoritmo de diferen-
Ciacao para conjuntos parcialmente ordenados (posets) com respeito a um ele-
mento maximal, tendo Gabriel dado a ele uma interpretacao categérica através
de seu funtor diferenciacao. Fonseca estudou o comportamento de represen-
tacOes estaveis de posets, um conceito cunhado por lusenko e Futorny, sob
essa diferenciacdo maximal. Ela também relacionou as matrizes de Cartan de
um poset e de seu diferencial. De maneira similar, Zavadskij criou um algoritmo
de diferenciacao de posets com respeito a um par apropriado de elementos,
tendo dado, ele mesmo, uma interpretacao categodrica a ele. Neste trabalho,
também estudamos como as matrizes de Cartan de um poset e de seu diferen-
cial estao conectadas e como a estabilidade é afetada, no entanto através do
procedimento com um par apropriado de Zavadskij.

Palavras-chave: posets, representacdes, diferenciacao, estabilidade, matriz
de Cartan.
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Introduction

Finding relations between mathematical structures has been an incredi-
bly powerful tool for solving problems. Not only are we able to approach prob-
lems through a better understood language, but also we may frequently simplify
them. That’'s one of the main goals of Representation Theory.

In the context of resolving Brauer-Thrall’s second conjecture, Nazarova
and Roiter introduced matrix representations [NR75]. A maximal-element dif-
ferentiation algorithm for partially ordered sets (posets) was also estabilished
by them, allowing Kleiner to classify partially ordered sets of finite represen-
tation type [Kle75]]. Categorical properties of the algorithm were then given
by Gabriel, when Subspace Representations of Posets and a Maximal-Element
Differentiation Functor were introduced by him [Gab73l].

Aiming for applicability in a more general situation, Zavadskij defined a
differentiation algorithm for posets with respect to a suitable pair of points
[Zav77]. This latter procedure allowed Nazarova and him to classify posets of
finite growth representation type [ZN82]. This current work is mostly devoted
to analysing this algorithm and its associated differentiation map.

Classifying indecomposable modules of a given algebra may be a wild
problem, in the sense of being essentially impossible. Using Mumford, Fog-
arty and Kirwan’s geometrical approach [MFK94], King addressed the issue by
considering spaces in which points naturally correspond to isomorphism classes
of representations [Kin94]. It gave rise to the idea of stable representations.

Stability for arbitrary abelian categories was a concept coined by Rudakov
[Rud97], when he described the conditions of stability for the representation
theory of quivers. Futorny and lusenko [FI19b] defined the notion of stability in
the framework of representations of posets.

Fonseca’s PhD thesis [Fon23] explores the connection between poset sta-
bility and the maximal-element differentiation algorithm, particularly envision-
ing that this differentiation procedure preserves stability. Not only has she pre-
sented a linear transformation that associates a subspace representation’s di-
mension vector to its differential one, but also provided a method to calculate
the way stability changes through the algorithm.



The goal of this work was to extend Fonseca’s ideas to Zavadskij's differ-
entiation algorithm. A similar approach was taken, having been developed a
linear transformation that leads the dimension vector of a given representation

to its corresponding one after a suitable-pair differentiation procedure.

Differently from the case of a maximal-element poset differentiation, it
was not possible to algorithmize via linear transformations the manner a stabil-
ity weight changes after suitable-pair differentiation. However, some lemmas
help us build the new weight case-by-case.

Apendix A contains a free translation of Zavadskij's article defining his
suitable-pair differentiation algorithm. The reason for including it in this work

was the lack of an English translation from the original Russian version.



Chapter 1

Preliminaries

This starting chapter is devoted to establishing the ground upon which
Representation Theory of Posets was built. A brief overview is intended, to-
gether with examples that led to the development of the apparatus we currently
have. We begin by defining Classification Problems, as well as some important
ideas strongly used by Nazarova, Roiter [NR75] and Gabriel [Gab73], such as
Matrix Problems and Partially Ordered Sets. A glimpse at Quivers and Path Al-
gebras is provided so to motivate the concept of Stability.

1.1. Classification Problems

Roughly speaking, classifying a mathematical object stands for its descrip-
tion up to some isomorphism. Introductory Linear Algebra courses already bring
up such ideas when dealing with similarity and equivalence of matrices.

In order to better understand classification, some categorical terms will
be required. We are following some of Simson’s textbook remarks on the topic
[Sim92, Chapter 1].

An additive category B is said to have a finite unique decomposition prop-
erty if, for every object X of B, there exists a decomposition X ~ X; & --- & X,
where X1, ..., Xmn are indecomposable. In addition, if one finds another decom-
position X =~ X7 @ --- & X/, where X],..., X/ are equally indecomposable, then
r = m and there exists a permutation o : {1,...,m} — {1,..., m} such that
Xi zXé(l.) foreveryi=1,...,m.

Given R an associative ring with identity, it is quite usual for us to deal
with additive subcategories of mod(R), the category of finitely generated right-
modules over R. In such cases, interesting queries naturally arise, such as

i. the explicit description of the indecomposable objects, or;

il. given an object of the category, finding its decomposition into direct sum
of indecomposable ones.
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Problems admitting classification of its indecomposable objects are said
to be of tame type, which may be of finite or infinite type. There are, how-
ever, problems which classification is virtually impossible, i.e. they contain the
problem of classifying pairs of (noncommuting) matrices up to simultaneous
similarity — these are said to be of wild type.

1.2. Matrix Problems

L. A. Nazarova and A. V. Roiter have successfully solved classification prob-
lems in some cases by reducing them to what was called Matrix Problems. A
particularly important result they achieved using the method aforementioned
was solving Brauer-Thrall’s second conjecture [NR75].

Given a field k we shall consider M(k) the set of finite matrices with entries
in k. For matrices A, B € M(k), their direct sum is defined as follows:

AlO
AeB .= ,
0B

where 0 is a suitable-sized matrix with zeroes in all of its entries. It may be
effortlessly verified that M(k) is closed under this operation.

Now, we shall consider G, a set of elementary transformations between
rows and columns of matrices in M(k). We say that A is G—equivalent to B (de-
noted A ~; B) if B may be obtained from A through a series of transformations
ingugt.

A class A/ ~g, represented by the matrix A € M(k), is said to be decompos-
able if there exist non-trivial matrices B, C € M(k) such that A ~g B&C. Similarly,
A/ ~¢ is said to be indecomposable if A0 and A isn’t decomposable.

A Matrix Problem is, therefore, the problem of classifying indecomposables
in the residue class M(k)/ ~g. Likewise, it may be interpreted as the reduction
of any matrix in M(k) to a canonical form through transformations in Gug—1.

Example 1.2.1 ([Sim92], Section 1.2). The Classification Theorem of Finitely
Generated Abelian Groups may be understood as a Matrix Problem. Consider

G € mod(Z) a finitely generated abelian group.
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It means that there exist g1,...,9n € G such that G=(91,...,9n). Now we

take the following onto homomorphism into account:

H:72"— G
(z1,...,Zn) — 2191+ -+ ZnGn
By the First Isomorphism Theorem, we get that G = 7"/ ker(H). It is known that

every subgroup of 7" is finitely generated by at most n generators, so let’s

consider ki, ..., km (m < n) generators of ker(H). Writing k; = (ki1, ..., kin) for

every i=1,..., mleads us to the integral matrix A € Mmxn(Z):
k11 P kln
A=
km]_ PP kmn

Using elementary row and column transformations, the matrix A can be reduced
to its Smith Normal Form. In other words, there exist matrices B € SL,(Z) and

C € SLy(Z) such that D =C~1AB is a diagonal matrix:

d1 0 o ... O
Do ds 0 ’
0 0
0 ojo ... O
where d1,...,d, are non-zero positive integers. Finally, there exists a commu-

tative diagram of abelian groups

Zm

~

~
N

3
~
@
~
(@)

Il

[os}
14
0
14

Zm

~
N

3>
~
2
~
o

and GEN=7"Se 7/(d1)®---® Z/(ds).
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1.3. Initial Terminology on Partially Ordered Sets

Interesting results have been achieved by Nazarova and Roiter when re-
stricting the study of Matrix Problems to Partially Ordered Sets and their repre-
sentations.

Definition 1.3.1. A partially ordered set, abbreviated poset, consists of a set

S together with a binary relation X satisfying the following axioms:

i. reflexivity: a X a for every element a € S;

ii. antisymmetry: ifa < b and b <X a for a and b elements of S, then a =b;

ifi. transitivity: ifa < b and b < c for a, b and c elements of S, then a X c.

It follows from the definition that not every two elements of a poset (S, X)
are necessarily comparable. For the sake of simplicity, we write S for the poset
(S, %) whenever the partial order relation < is implicitly understood. Moreover,
throughout this text, we shall assume that S denotes a finite poset and that k
is a fixed field.

Definition 1.3.2. A poset S may be equivalently depicted in other ways rather

than the explicit description of its order relations. Namely, they consist of

i. its Hasse Diagram, the diagram whose vertices are the elements of S and,
given a,c € S, there is an arrow a e — e C if a < ¢ and there is no other

element b € S such thata< b < c;

ii. its Cartan Matrix, the square integral matrix Cs € Ms|x|s|(Z) given by

1, ifixj;
(Cs)ij =
0, otherwise.
Example 1.3.3. The poset §={1,2,3,4,5,6|1<3,2<3,2<4,5<6} may

be portrayed as the following Hasse Diagram and Cartan Matrix:
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1 2 3 45 6
11 01 0 0 0]

3 e 4 e 6 e 2101 01 0 0

S, T 1 { Ce= 3[0 0100 0
410 0 01 0 0

1 2. > 510 00 01 1
60 000 0 1

Due to the shape of its Hasse diagram, this poset S is also known as (N, 2).

Given the Cartan Matrix Cs of a finite poset S, there will always exist its
inverse matrix Cgl. This fact can be easily checked by observing that the el-
ements of S may be labelled in a way that i <z j, in the natural ordering of
integers, when { < j. Through this convenient labelling, the Cartan Matrix of S
turns out to be an upper-triangular matrix whose elements of the main diagonal
are all ones and detCs =1 #0.

Throughout this work we shall often need the enlargement of a poset S by
a unique maximal element 0, being denoted S* =Su {0}.

Example 1.3.4. If S = (N, 2) from Example its enlargement S* by a

maximal element 0O is

N
N

It is common to omit the arrows pointing at {0} in order to avoid over-
complicating the diagram.
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1.4. Matrix Representations of Posets

Following a somehow chronological order of events, we now establish an
important connection between Matrix Problems and Partially Ordered Sets, a
link set up by Nazarova and Roiter [NR75].

Definition 1.4.1. Let S = {1,...,n} be a finite poset and sg,51,...,5n € N.
Given matrices A1 € Ms,xs,(k), ..., An € Msyxs,(k), @ Matrix Representation of S

is a block matrix A of the form

A=[ A1 | Az |...| Ay ]}so.
~— ~—
S1 S2 Sn

Given matrix representations A; and A’1 of S, we may define the direct sum

Aoa=| AL O | | A0
0 | A 0| A

Remark 1.4.2. The set Ms of all matrix representations of S is closed under

between them:

the direct sum mentioned above.

The set of compositions of elementary transformations is denoted by Gs
and it consists of the following:

i. all simultaneous elementary transformations between rows;

ii. all elementary transformations between columns from a same block;

iii. all elementary transformations adding a column of the it" block to the jt"
block, provided that i <.

With the notation aforementioned, a poset S is said to be of finite repre-
sentation type if the associated matrix problem (Mg, Gs) is so.

Example 1.4.3. If S is the poset (N, 2) from Example the following block

matrix A € Misx6(Z) is an example of a matrix representation of S.
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T
N OO
w o = O
N
Ul = O O
OO RO

It turned out to be advantageous using the additive enlargement of Mg,
known as the Additivisation of Ms and denoted Mgd. Given a finite poset S,
where |S| =n €N, it consists of the category in which

i. the objects are defined as systems
V=(V0,V]_,...,Vn;t]_,...,tn) ,

where Vo, V1, ..., V, are finite-dimensional k-vector spaces and t; : V; —
Vo are k-linear transformations for all i € S. V may also be interpreted as
a representation of the following quiver:

1 e
t
. ti
OS i e — e
th
n e

il. given objects V and V’ in Mgd, a morphism between them is a pair (f, fo)
of k-linear maps which make the following diagram commute:

(t)
Vie---&V, —— Vp

1T

Vie-eV,— 5V
i

From now on, we begin to estabilish important connections that will later lead us
to the results obtained. We aren’t delving much into the topic as the approach
intended in this particular section is merely descriptive. Further reading may be
encountered at Simson'’s textbook [SIm92, Chapter 2.2].
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A quite useful embedding of categories i : Ms — Mgd is hereby defined.
Given a block matrix A =[A1]...|An] € Ms(k), where A; € Ms,«s,(k) forall i € S,
it is defined

k=1
A1

, A;
i(A) : kst — = kso
An

ksn

being A; : k° — k*° the k-linear map induced by the matrix A; in the canonical
bases .

Not only can we check that Mgd is additive and has the finite unique de-
composition property, but also we may obtain the following result.

Lemma 1.4.4 ([Sim92], Lemma 2.2). Let A, B € Mg be block matrices and

Gs be a set of compositions of elementary transformations.

i. A~gB < i(A) =i(B).
ii. A isindecomposable in (Mg, Gs) < i(A) is indecomposable in Mgd.

Sketch of Proof.

i. The block matrix A may be understood as a matrix with s; + ---+ s, rows
and so columns. From the definition of Gs, we can gather that elementary
transformations between rows of A correspond to left multiplication of A by
invertible matrices in GLs, (k).

We also see that elementary transformations between columns within a
same block or adding a column from the " block to the jt block, as
long as { X j, may be encoded as right-multiplication of A by matrices
B € GLs, +...+s,(k) of the form
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Bi11 Bi2 ... Bip
B>> ... Bsp

B = ] ,
0 Bnn

where B;; € GLs,(k) and B;j =0 if i%jforallijes.

ii. The second statement can be proven by contraposition, assuming that
either A or i(A) are decomposable and applying the result from item i.

1.5. Subspace Representations of Posets

Most results presented and obtained in this work derive from subspace
representations of posets, an idea coined by Gabriel [Gab73]. A functor plays a
crucial role in relating them to matrix representations of posets.

Definition 1.5.1. A subspace representation of S is a system V = (Vo ; Vi)ies
consisting of a finite dimensional k-vector space Vo, called the ambient space
of V, and subspaces V; of Vo such that V; C V; if i X .

Example 1.5.2. Let S = (N, 2) from Example Fixing a basis {e1, e;,e3}

for the vector space k3, here follows an illustration for a representation V of S:

(e1,e2+e3) (e1,e2) (€2, e3)
v N
(81 + ey + e3) (el) (63)

Following Arnold’s textbook [Arn00, Section 1.2], we define the category
of all subspace representations of a given poset S, denoted sps. Its objects
consist of the previously seen systems of the form V = (Vg; Vi)ies. Given objects
U= (Ug;U)ies and W = (Wq; W))ies, @ morphism (also called a representation
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morphism) is a k-linear transformation f : Uy — Wy such that f(U;) € W;, for all
[ € S. One observes that spg is an additive category [Arn00, Lemma 1.2.1] with
a direct sum givenby Ue W = (Up® Wo; U;® W{)ics.

We denote by Ind (sps) a set of representatives of the isomorphism classes
of indecomposable objects of spg. S is said to have finite representation type if

Ind (sps) is finite and infinite representation type if Ind (sps) is infinite.

In the mid-1970s, Kleiner successfully classified all posets of finite rep-
resentation type. His striking result had been originally proven by means os
Nazarova and Roiter’'s concept of poset differentiation — an idea presented in
the upcoming chapter. An alternative proof using Zavadskij’s analogous con-

struction is given in Chapter 3.

Theorem 1.5.3 ([Kle75]). Let S be a finite poset. Then spg is of finite repre-

sentation type if and only if S contains none of the following critical subposets:

Ki=(1,1,1,1): o o o o ;c2=(2,2,2):T

e—> o
e—> o

K3z3=(1,3,63):

e——Hre— o
e——Hre—> o

Ka=(N,4): ° Ks=(1,2,5): °

e—> o
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Example 1.5.4. Although a proof of Theorem is outlined in Section
we may effortlessly check that the poset K1 is of infinite representation type if
we assume that the field k is infinite. In order to do so, we build an indecom-

posable matrix representation A* € My, for A € k:

Al1]1]0
1/1(0]|1

Being k infinite, the set {A*} ek is also infinite.

We may now define the reduction functor H : Mgd — spg, Which success-
fully links matrix representations to subspace representations of posets. It is
built as follows:

i. given an object V = (Vy, Vi; t)ies in Mgd, we set H(V) = (Mg; M))ies, Where
Mo = Vo,

M, =Im (@ Vi v, = Mo) and;

i=j

ii. given a morphism (g;9go) : V' — V, then go(Mjf) C M; for all j € S. There-
fore, we may set H(g, go) = go.

Example 1.5.5 ([Sim92], Example 3.11). Let’s consider the poset

N

N
— e——e—— e W
oe—>e0e—>0 O

N

and the matrix representation
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0O(1/0|0|0]|1|0 1
1/0(0|1|0|0|1 1
A=|0]0]0]01|0|0 1 € My.
o(0f1|0|0|0|1 O

1 2 3 4 5 6 7
The functor H yields
kekeoOok kekeokeoO
H(i(A)) : ke k k ® k
Oek ke 0 k(0101) + k(1110)

Before moving on, some categorical definitions are introduced.

Definition 1.5.6. A covariant functor F : A— B yields an equivalence of cat-

egories if it is, simultaneously:

i. full, i.e. for every two objects A1, Ay of A, the map Hom 4(A1,A;) —

Hom z(F(A1), F(A2)) induced by F is surjective;

ii. faithful, i.e. for every two objects A1, A; of A, the map Hom 4(A1,A) —
Hom z(F(A1), F(A2)) induced by F is injective;

iii. essentially surjective (or dense), i.e. for each object B in B there exists an

object A in A such that B is isomorphic to F(A).

Definition 1.5.7. An additive functor F between additive categories is said to
be a representation equivalence ifit’s full, dense and reflects isomorphisms, i.e.

F(f) is an isomorphism <= f is an isomorphism.
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For the sake of simplicity, we'll refer to k(i / 0) as the indecomposable
object in M2 given by

k(i /0): \k,./—>0

ithposition

We now head into this section’s main theorem, the ultimate connection
between studying representations through matrices and subspaces.

Theorem 1.5.8 ([Sim92], Theorem 3.1). Let S={1,...,n} be a poset and

let H be the reduction functor. Then,

i. His full and dense;

ii. givenV € Mgd indecomposable, then H\V) =0 < V =k(i / 0) for some

[€S;

ii. consider (M29)o the full subcategory of M3“ consisting of objects having no
summands of the form k(1 / 0),...,k(n / 0). Then H induces a represen-
tation equivalence

Ho : (M29)g — sps
and an equivalence of categories
M3/[k(1 /0),...,k(n / 0)] Zsps,

where [k(1 / 0),...,k(n / 0)] is the two-sided ideal made of all maps
that factorise through a direct sum of copies of k(1 / 0),...,k(n / 0).

As a straightforward consequence of the previous theorem, we obtain the
following result.
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Corollary 1.5.9. Mgd is of finite representation type if and only if S contains

none of Kleiner’s critical posets K1, ...,Ks as a subposet.

1.6. Quivers and path algebras

So far, we've dealt with representation theory of algebras through com-
binatorial approaches led by Nazarova, Roiter ([NR75]) and Gabriel ([Gab73l]).
However, the subject has also been addressed geometrically as we shall see in
the following two sections. An en passant view is intended so to clear up the
roots of this latter technique.

Definition 1.6.1. A quiver is a quadruple Q = (Qo, Q1, S, t) consisting of
i. a set Qg of vertices;
ii. a set Qy of arrows;

iii. a map s : Q1 — Qg that associates the source s(a) € Qo of every arrow

a € Q1 and;

iv. a map t : Q1 — Qg that associates the target t(a) € Qg of every arrow

o€ Q1.

We may refer to Q = (Qq, Q1, s, t) simply as Q whenever the sets and maps
are implicitly understood. We may also write a 2 b for an arrow a € Q1 such
that s(a) = aq, t(a) = b € Qo.

Example 1.6.2. Here are some examples of quivers. Note that, differently
from posets, there may be cycles or multiple arrows with same sources and

targets.

o% 8
2
S RN L B1 1 egT—e 2
/3 4 5 B3
1
[ ]
1
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Given two vertices a,b € Qqp, a path from a to b of length m > 1 is a
sequence (a | a1, 02...,0m | b) where a; € Q; foralli=1,...,m, s(a1) = a,
t(am) = b and t(a;) = s(aj;1). It may be also portrayed as ai1a>...am or as

a7 an am
> s

The set of all paths with length [ is denoted by Q;. With this definition, we
may associate a path of length [ = 0 to each point a € Qoq, the trivial path at a

and denoted by €, = (a || a).

Definition 1.6.3. Given a quiver Q, the path algebra of Q is the k-algebra kQ
having the set of all paths (a| a1,...,a;| b) oflength [ > 0 in Q as its basis. The
product between two basis vectors (a| a1,...,a;| b) and (c|B1,...,.Bm | d)is

given by

(alay,...,ac|b)(c|B1,....Bm|d)=

(aloy,...,a,B1,...,Bm|d), if t(ar) = s(b1)

0, otherwise.

A quiver Q is said to be connected if for every decomposition of the set of
its vertices Qo = QyUQy, with both Q7 and Qf non-empty, there exists an arrow
a such that either s(a) € 06 and t(a) e Qg or s(a) e Qg and t(a) € Q{).

If Q is a finite and connected quiver, we may define the arrow ideal of Q,
the two-sided ideal of the path algebra kQ generated by the arrows of Q and
denoted by Rp. Similarly, we may define Rg as the ideal of kQ generated by
the set of all paths of lengthat m > L.

A two-sided ideal Z of kQ is called admissible if there’s m > 2 satisfying
Rg CTC Ré. It is, however, more usual to define admissible ideals in terms of
relations, i.e. k-linear combinations of paths of length at least two having same

source and target.
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Example 1.6.4. Consider the following quiver Q.

o l oe— e 2

The ideal T = (B3, aB) is admissible, once Rg czc Ré.

Similarly to what we have done with posets, we shall define quiver repre-
sentations. Although depth is not intended on the topic, it is of great importance
to the motivation of the forthcoming section.

Definition 1.6.5. A representation of a quiver Q = (Qq, Q1, s, t) over the field
k is a tuple M = ((Mi)ico,; (®a)aco, ), where M, is a k-vector space for all i € Qg

and @q : Msq) — My(q) is a k-linear transformation for all a € Q1.
Example 1.6.6. Let Q be the following quiver:

1

B
Q: \OAO
%3 4

Then, M is a representation of Q:
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Let M = ((Miicoo; (Pa)aco,) and M’ = ((M)icoy; (9% )aco, ) be representa-
tions of a quiver Q. A morphism of representations f : M — M’ is a family of

k-linear maps (fl- M — Ml{)ieo such that for each arrow a : a — b the equality
0
¢ fa =fb@a holds.

The connection between studying representations of quivers and repre-
sentations of posets comes from the fact that, given a poset S, there exists a
quiver Qs = (Qo, Q1, s, t) such that every element of S corresponds to a point of
Qo and every relation i < j in S corresponds uniquely to an arrow o : i —j in Q1.
By means of this association, we may find a set Z of k-linear admissible rela-
tions in Qs in a way that kQgsx /Z = kS* [Fon23| Section 1.4]. Finally, there’s an
equivalence of categories Q : sps — modsp KS*, where modsp kS * is the full
subcategory of modkS* which consists of socle projective modules - modules
M such that soc(M) is projective [SIm92, Lemma 5.1].

1.7. Stability

The geometric approach to classifying algebras relies, roughly speaking,
on the ideas described below. Given a basic, connected and finite-dimensional
k-algebra A, there exists an admissible ideal Z of the path algebra kQa such
that A = kQa/Z [ASS06|, Theorem 3.7] . In other words, studying A is somehow
equivalent to studying the representations of its associated quiver.

A dimension vector a € 7!l is an integral vector with positive compo-
nents. For a dimension vector a, it can be considered the affine variety

Ra(Q) = P Hom (k%@, k%@),

ae;

which parametrizes all representations with a as their dimension-vector. One
may define the algebraic group
Ga= | | GLa(K)
i€Qo
that acts on Rq(Q) through change of basis such that any two elements of Rq(Q)
are isomorphic if and only if they belong to the same orbit of Gg.

Through Mumford’s invariant geometric theory [[MFK94], King considered
spaces in which points naturally correspond to the isoclasses of the representa-
tions, having examined semi-stable representations, a subset of Rq(Q).
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The idea of stability for arbitrary abelian categories was formulated by Ru-
dakov [Rud97]], having been established stability conditions for the representa-
tion theory of quivers. Later on, Futorny and lusenko [FI19b] defined the notion
of stability for poset representations, an additive but not abelian category.

Analogously, it was defined the Poset Variety Fls o, @ projective variety
which parametrizes the representations of S with dimension vector a. The group
GLg,(k) acts on Fls o through base change in such way that the orbits of this
action correspond bijectively to the isomorphism classes of representations of
S with dimension vector a [[Fon23|, Section 1.4].

For further details on this variety, as well as several examples, the reader
is referred to lusenko and Fonseca’s paper [FI19al]. Through this idea, stability in
the geometrical sense correlates to stability of representations of posets [[FI19b,
Section 5].

Before effectively defining stability for poset representations, a detail must
be addressed. Given a poset S and a representation V € spg, a subrepresenta-
tion W of V is a system (Wo; W;)ies such that Wy € Vo and W; C V; for every

(€ S. The quotient V/W, however, needn’t belong to spg, as seen below.

Example 1.7.1. Let S; = {1}, a poset consisting of a single element. If we
consider the representation V = (k; k) € sps, and the subrepresentation W =
(k; 0) of V, the quotient V/W = (k/k; k/0) = (0; k) is not a representation of S;.

This issue may be overcome by the restriction to a specific kind of subrep-

resentations.

Definition 1.7.2. Let S be a poset and V = (Vo; Vi)ies @ subspace representa-
tion of it. A subrepresentation W is said to be proper if there exists a proper
subspace K c Vg such that W = Vg = (K; VinK)ies.

Using the aforementioned terminology, if Vk is a proper subrepresentation
of S, then we have that V/Vk € sps [FI19b| Proposition A.1] and we may then
proceed to this section’s main definition.
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Definition 1.7.3. A subspace representation V € sps is said to be 6-stable
(respectively 6-semistable) if there exists a vector 8 = (6¢; 6))ics € 75* such
that 0 - [dimV]" = 0 and 0 - [dimV]!" < 0 (respectively <) for every proper

subrepresentation Vi of V. 0 is also referred to as a weight.

The ug—slope of a representation V € sps is defined as

He(V) =

> 6sdim Vs

SES

dim Vo

and V is said to be ug-stable (resp. semistable) if ug(W) < ugV) (resp. <) for
every proper subrepresentation W of V.

Example 1.7.4. Consider S = (N, 2) from Example and V € spg from Ex-
ample In this case, V is @-stable, where 8 € ZS* s given by:

O,
N

2

We begin proving that V is indeed stable by observing that
6 -[dimV]" =(-5;2,1,1,2,2,2)-(3;1,2,1,2,1,2) = 0.

The task of checking that @ - [dimW ]! < 0 for every proper subrepresentation
W of V may be accomplished by considering all maximal subdimension vectors
[FI19b, Appendix C].

(1;0,0,0,0,1,1) (1;0,0,0,1,0,1) (1;0,1,0,0,0,1) (1;0,1,1,1,0,0)
(1;1,1,0,0,0,0) (2;0,1,0,1,1,2) (2;0,1,1,1,1,1) (2;0,1,1,2,0,1)
(2;1,1,0,1,1,1) (2;1,2,1,1,0,1)
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Not only did Futorny and lusenko define stability for the category of poset
representations, but also they achieved a practical result when it comes to cal-
culating the weight with which some representations are stable. The bilinear
form bs : Z5* x 7S* — Z such that bs(a, B) = a.Cg}k -B is a key factor in this
calculation.

Given a dimension vector a € Z°, the support of a is defined as the full
subposet suppa = {ieS|a(i) #0}. Anindecomposable representation V € spg
is sincere if supp dimV = S*. A poset S is called sincere if it has got at least
one sincere representation. The set of sincere posets was given by lusenko and
Futorny [FI19b, Proposition 4.2].

Proposition 1.7.5 ([F119b], Proposition 4.3). Given S a sincere poset and

V e sps a sincere representation, V is stable with a form
O(W) =bs(dimV,dimW)— bs(dimW,dimV)

for any proper subrepresentation W of V. It may be checked that the compo-

nents of the form @ € Z5™* are

6o =— Z at + Zr(t, 0)at

tes * teS
t—0
0= Z ar— Z O{t—zr(i,t)at,
tes * tes ¥ tes

i—t t—i

where r(i, t) stands for the maximal number of k-linear independent minimal

commutativity relations starting in i and ending in t, and ar =dimV; forte S*.

Jordan-Hoélder and Harder-Narasimhan filtrations with stable and semi-
stable factors had been proven to exist by Rudakov [Rud97], for an abelian cat-
egory, and by Hille and Pefa, for representations of quivers [HdIP02]. lusenko
and Futorny proved the existence of these filtrations in the case of representa-
tions of posets, as we shall see below.

Proposition 1.7.6 ([FI19b], Preposition 2.3). Given V = (Vo; Vs)ses € sps,

there exists a unique filtration of vector subspaces
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0=K°ckKlc...ckh=v,

inducing a filtration of V
0=V0cVlic...cvh=vy,
in which Vi = Vi = (K% Vs N KYses, such that
i. VYVl js ug-semistable forevery i=1,...,h and

ii. ug(VY/VEL) > ug(VHL/ VY forevery i=1,...,h—1.

Proposition 1.7.7 ([F119b], Preposition 2.3). Given a ug-semistable repre-

sentation V = (Vp; Vs)ses € spg, there exists a filtration of vector subspaces
0=K%cklc...ckh=v,

inducing a filtration of V
0=V2cVic...cvi=y,

in which Vi = Vi = (K% Vs N KYses, such that

i. VYVl s ug-stable forevery i=1,...,h and

ii. ug(VYVF—Y) = pug(V*1/v)) foreveryi=1,...,h—1.
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Chapter 2

A Maximal-Element Poset Differentiation

The algorithm to be presented in this section has been of immeasurable
importance to the field of representation theory. Originally developed as a tool
for solving the Second Conjecture of Brauer-Thrall [NR75], it was a key factor in
classifying posets of finite representation type [Kle75].

2.1. The Algorithm of Nazarova and Roiter

Before properly describing the algorithm, we need to establish a rather
simple concept. The width of a poset S, denoted w(S), is the size of the largest
antichain in S, i.e. the largest amount of pairwise incomparable elements of S.

Definition 2.1.1. Given a maximal element c € S such that w(S\ c’) < 2,

where c¥ ={i€eS|i=<Xc}, a new poset may be defined:
0cS:=(S\{cHuqQ,

where Q = {rv s |rs,careincomparable in S}. The partial order relations in

dcS are given by

i. keeping all relations between elements of S in 3.S;
ii. tXsvr < tsort=Xr;
ili. rvs<t < r<tands=<t;

iv. rvs<r'vs' < (rxr'orrxs’yand(sXr’ors=<5s’).

We say that S is c-differentiable and a.S is called a differential of S with respect

to the maximal element c.

Example 2.1.2. Let § = (N, 2) from Example S is 4-differentiable and

the differential of S with respect to the maximal element 4 is given by

25
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3vb6

3v5 e * 1v6

N0\
NN

The theorem below is due to Nazarova and Roiter [NR75]] and it was of
great importance in the study of posets of finite representation-type. The
reader is referred to Simson’s textbook, where it can be found a sketch of proof
using the original ideas ([Sim92]], Section 4.2), as well as a more understandable
proof using Gabriel’s reduction functor ([Sim92]], Section 6.2).

Theorem 2.1.3 ([Sim92] Theorem 4.3). Given a finite c-differentiable po-
set S such that w(S) < 3, it follows that

i. S and a.S are of the same representation type, either finite or infinite;

iil. #IndM,_s < #1Ind Mg, in case both numbers are finite.

A pretty straightforward yet useful consequence of this theorem may be
inferred. It consists of a practical apparatus for determining whether a given
poset is of finite representation type or not.

Corollary 2.1.4. A poset S is of finite representation type if and only if w(S) < 3
and the maximal-element differentiation procedure reduces S to the empty

poset in finitely many steps.

Example 2.1.5. Here we analyse the use of the previous corollary by succes-

sively applying Nazarova and Roiter’s algorithm.
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1v?2

°
93 /\,\ 91v2 d1 92

° — ° e — e

3 1 2 1 2

Having reached the empty poset, we may then conclude that the initial poset is

of finite representation type. Now let’s take a look at another case.

5 1v?2

ANVAN

The element 5 is the only one we may differentiate the initial poset with respect
to. The resulting poset after the procedure is isomorphic to the one we began

with, meaning that it is of infinite representation type.

2.2. A Maximal Element Differentiation Functor

Gabriel gave Nazarova and Roiter’s algorithm a categorical interpretation
(IGab73]). Given a finite c-differentiable poset S, there can be defined a functor

dc : sps — sp, s, Where:

i. for each V = (Vp; Vi)ies, the representation a.(V) = (V/; Vj/)jeacg is given

by:
V6=VC
\/j,=VCan forjesS
V: =Vn(Ve+ Vs) forrvseQ.

rvs

ii. if f:V— W is a morphism in spg, then a.(f) : 9.(V) — a.(W) is naturally
given by restricting f to V..
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Example 2.2.1. Consider S = (N, 2) from Example and 048, its differential
poset with respect to the maximal element 4 shown in Example Applying
Gabriel’s functor to the representation V € sps from Example we get the

differential representation of V with respect to the maximal element 4:

(e1, e2)
(e1, e2) (e1,e2)
. /‘ ’\ / ’\
e1 + 62

/\/\/

In order to avoid confusion, it is important to point out that, by 3.8*, we
mean the poset .S extended by a maximal element, that is (3.S)*, and not
ac(S*).

Fonseca’s work ([Fon23], Section 3.2) showed that there exists a linear
transformation connecting a subspace representation of a poset to its differen-
tial representation provided that a certain condition is satisfied. A subspace
representation V € sp; is said to be generic if the intersection [, (Zie,j V() for
any I; € S and J c N is the smallest possible for the dimension vector dimV.

If S is c-differentiable and V € spg is a generic representation, we shall see
that there exists a transformation Dy : ZS* — 73S* such that dima.(V) =
Dy(dimV). Fixing bases for the vector spaces Vy and V., the transformation
may be equivalently written as a matrix Dy € Mgx* 45 s* (Z), meaning that
dimoa (V) = dimV . Dy. Avoiding cumbersome notation, we write a = dimV,
V' =09.(V) and a’ =dima.(V). Since V is generic, the following equalities hold:
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=max(ac+am—ao, dim Z V,~> forallmesS\aVv,;

j<c,m

rvs

=max | min dimE Vx,ar+a5—dimg Vy [+ ac—ag, dim E V,
r<x y=<r z<a
S=<Xx y<s Z<rvs

forallrvseqQ.

Being V a generic representation, for every subposet U C S, the dimension
of >. ey Vu may be written in terms of a linear combination of the vector spaces
Vs, where s € uV and u € U. This way, may be built the aforementioned matrix
Dy € Mg * x5.s* (Z) such that dima.(V) =dimV - Dy.

Example 2.2.2. Consider the poset S and the representation V € spg depicted

by the following diagrams.

(e1, €2, €3, €4)

2 e e 3 (e1, ez, e3) (€2, €3, €4)

e 1 e 4 (€2, e3) (e1, ez, €3, €e4)

Then S is 4—differentiable and the differential poset 945, as well as the

differential representation a4(V) = (V/; Vl.’ )ica,s are, respectively,
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(e1, €2, €3, €e4)

2v 3
(e1, ez, e3,€4)
948 : 04(V): (e1, ez €3) (e2, e3,ea4)

AV

(e2, e3)

One notices that Vi, + V4 = Vg for every m € S\ aV, which allows us to
use Grassman'’s Intersection Formula ([Carl7|], Theorem 6.21) in a pretty con-

venient way:

dimvi=dimV1r1V4=dimV1+dimV4—dimVo=2+4—4=2
dimvg=dimV2r1V4=dimV2+dimV4—dimVo=3+4—4=3
dimV’=dimV3nV4=dimV3+dimV4—dimVo=3+4—4=3and
dlmvg 3—dim(V2+V3)r1V4=dimV2+dimV3—dimV1+dimV4—dimV0
=34+3—-2+4—-4=14,

In other words, we may write the following matrix Dy € Msy5(Z):

0 1 2 3 2v3
ofo -1 -1 -1 -1]
10 1 0 0 -1

Dv=510 0 1 o 1
310 o 0o 1 1
411 1 1 1

which leads to dima (V) =dimV -Dy.
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2.3. On the Congruence of C_! and C;ig

Fonseca has also shown that, given a finite poset S, its inverse Cartan
Matrix Cgl and the inverse Cartan Matrix of its differential with respect to a
maximal element C;is are congruent under some conditions [[Fon23]]. We be-
gin with an example to illustrate this statement, followed by the theorem that
proves this equality and gives us a practical technique to build this congruence.

Example 2.3.1. Consider S = (N, 2), the poset from Example We’ve
seen that S is 4-differentiable and its differential 3,8 was given in Example
The Cartan matrices of S* and 948 * are, respectively,

01356 2 4
0'10000\0\0'
1{1/1 1 0 olo]o
3/1/0 1 0 0/0]0

Csx=5|1/0 0 1 1/0/|0]|and
6110 0 0 1]/0]0
21\0100\1\1
4l1/0 0 0 0|01

01 356 2 1v5 3v5 1ve6 3vb6

0 [1/0 0 0 0|O0| O 0 0 0 ]

1 |1/1 1 0 0]0]| 1 1 1 1

3 |1/0 1 0 0|0 O 1 0 1

5 |1/0 01 1/0]| 1 1 1 1

6 |1/0 0 0 1/0| O 0 1 1

C04S*=

2 |1/0 1 0 0[1] O 1 0 1

1v5|(1/0 0 0 0|0 1 1 1 1
3v5|1/0 0 0 0|0| O 1 0 1
1v6|1/0 0 0 0|0| O 0 1 1
3v6(1/0 0 0 0|0| O 0 0 1 |

The choice of ordering the elements this particular way and writing the
matrices as blocks will be clear when the section’s main theorem is stated. The

inverse Cartan matrices are
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and

0O 0 0 0 0 O

1
0

-1 0 0 0 O

1

1 0 0 0 O
1
-1 0 0 O

-1 0
0O 0 O

-1 0 O

0
-1

0

1

0 -1 0 0 1
-1 0 0 0 0 O

1

1

—1

0O 0 0 0 0 O
1

0

1
0

-1 0 0 0 -1

1

0O 0 O

-1

0O 0 0 O

-1

-1 0

1

0
1

0O 0 0 0 1
-1 0 O
0O 0 0 0 0 O

0 O

-1

-1
1
0

1

0O 0 0 0 0 0 O
0O 0 0 0 0 O O
-1 0 0 0 O O O

948 *

1 .ptr
Ds Ca45* DY, where

_1_
S* T

A plain calculation shows that C

2 1v5 3v5 1v6 3v6

0

6
-1

-1 -1

-1

0
0
0

0

010

Ds= 5

The following auxiliary matrices play important role in the upcoming theo-

rem. Let A and B be subposets of S.
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i. The Cartan Matrix of A and B, denoted Cag € Mja|x|5/(Z), is given by

1,ifixj;
(CaB)ij, ica, jeB =
0, otherwise.

ii. The matrix E4 € Mjax1(Z) consists of 1 in all of its entries:

1
Ep=

iii. The matrix Oaxs € Mja|x|B|(Z) consists of 0 in all of its entries:

0 --- 0

Oaxp =

Theorem 2.3.2 ([Fon23] Theorem 3.3.1). Let S be a c—differentiable poset
and consider M = S\ ¢V and N = ¢V subposets of S. If M has got no global

minimum, i.e. there is no s € S such that s <m for all m € M, then

-1 -1
CS* =DS'C6CS* 'Dgr
where Ds € Ms x |x|5.s* |(Z) IS given by
{c} M N Q
0y | 0 —Efr 0nw —Etr
Ds= M |Omx1 Idm Omxn Cyt Cma
{C} 1 E;g leN Eg
N |Ovx1 Onxm Idv  Cp'(Cna—Cwm Gyt Cua) |

Sketch of Proof. Having fixed the decompositions S* = {0} uUMuU {c} UN

and o.8* = {0} UMUNUQ, both Csx and C, sx may be written as block
matrices:
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{0} M N {a}

oy 1 o o o

Csx= M |Em Cm 0 0 |and
N En Cwvm Cn En

{ar | 1 O o0 1

{0} M N Q

{0} 1 0 0 0
CBCS % = M Em Cm 0 Cmao
N En Cnm Cn Cnq

Q Eoq Com O Ca

Writing Cartan matrices as block matrices allows us to have their inverse
matrices in a rather general form:

{0} M N Q
{0} 1 0 0 0
Cosx = 81(CmaCq' Ea—Em) Ay 0 —Crt Cuala
N * CEI(CNocalcom—CNM)Al Cﬁl CEI(CNMC,\_/,ICMQ—CNQ)AZ
QL * % —C5' Camis 0 Ar

where
A1 = (Cmw—CmaCq'Cam) ™,
Ay = (Cq—CamCyy'Cma) ™1,

* = C'[—En + CnaCh'Eq — (Cum — CnaClt Cam)B1(CuaCyqtEa — Em)] and

*x x = —Csl[EQ + CQMA]_(CMQCEIEQ —En].
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The equality Cgy = Ds- C, 4 - DY holds if and olny if the following equa-

tions are satisfied:

EyrClEm + T(CamC,,'Em— Eq) = 1
—EVCt+T(Chr,Cf = CamCy) =0

T(Cna— CvmC,,'Cua) =0,

where T = E;;C,\_/,chQAz —ESA,.

One shows that the case for T = (1,0, ..., 0) is valid, proceeding with in-
duction on the number of elements of M to prove that, indeed, T =(1,0, ..., 0).
O

2.4. Stability after a maximal-element differentiation

One of Fonseca’s main results explores the behaviour of stable represen-
tations after Nazarova & Roiter’'s maximal-element differentiation procedure. In
order to do so, an integration map plays a crucial role and is presented hence-
forth.

We've seen in Theorem[2.3.2|that it is quite convenient to consider a poset
S as a disjoint union of subposets M and N. One checks that w(M) < 2, which
allows us to conclude that there exist at most two maximal disjoint and totally
ordered suposets M; and Mj; such that M = M; u My [[Fon23, Remark 1.5.3]. This
way, every element w =r v s € Q may be considered being r € M; and s € My;.

An integration map was thought as being a procedure such that, given a
c-differentiable poset S and a representation V’ € sp,_ s, there could be con-
structed a representation fc V’ with ac(fc V’) = V/. As we shall see, the map
depends on choices, meaning that it is not a functor nor unique.

Definition 2.4.1 ([Fon23], Definition 1.5.7). Let S be a c—differentiable

poset and V' € sp,_s a representation. For every w € Q, we define
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/

_w
Zujw VL/,

XL (V)=

a section t‘v/v' : X{N (V) — V! of the canonical projection Ty

XT(v'y=1Im (' + IdXIW(V,))

Vo=@ xLv")

ueqQ

and foreverymeM, wesetQ"={rvseQ|r<mors=<m}.

This way, the integral of V' is defined as the representation fc Vi =V =
(Vo; (Vm)mem, Ve, (Vn)nen), where

v0=v(’)ev_o

o V! + Seam (XL (V) if me M
=
V! + 3 eam (XL(VY)) if m e My

V,,=Vr’, ifneN.

Fonseca’s work presents a linear transformation Iy- that relates the dimen-
sion vectors of a representation V’ € sp,_s and its integral fc V’ € spg. This result,
however, works for a specific kind of representation, as seen below.

Given an element w € Q, there will always exist two maximal elements
wi, Wr € {u<w|ue€oaS} [Fon23, Remark 4.1.2], which means that
(%4 v’
w

UAE LU .
w SuwVl Vi, VI

The representation V' is said to be almost generic if, for the dimension
vector dimV’, the intersection V"N1 n V",V2 is the smallest possible . Being V’
almost generic and observed its dimension vector, it is possible to define a
linear transformation Iy such that dimV’ -1, = dimeV’ [Fon23, Definition
4.1.5].
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Example 2.4.2. Consider the following poset S and its differential 35S

05}
N e—— e W
A 06— e U1

1v3
95S : lv2 e

/\/

Given the following V' € sp,. s, we may use Definition to calculate [ V':

(e1, ez, €3, €4, €5)

el, ey, e3, e4

PN

el, ez ez, e3

SN

613, €24, 6‘5)
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(e1, €2, €3, €4, €5, €6)

JsV': (e2,€3,€46)  (€1,€2, €3,€4,€5)
(e1, es) (e2) (e13, €24, €5)

The linear transformation Iy, which yields dimV’ -1y, = dim f5 V/ may be de-

picted by the matrix

0O 1 2 3 4 5
o [1 0o o o 0 1]

1 o 1 0 0 00

b= 2 |1 1.1 1 00
3 /-1 =10 0 0 0
1v2|-1 -1 0 =1 0 0
1v3|[1 1 0 1 0 0]

This section’s main theorem was also stated by Fonseca and it describes
the way an almost generic representation behaves under the maximal-element
differentiation functor. The statement deals with positive stability, i.e. 8-stable
representations in which the last |S| coordinates of @ are positive. In this case,
the representation is called positively stable.

Theorem 2.4.3 ([Fon23], Theorem 4.2.4). If S is a c-differentiable poset,
V € spgs is O—-positively stable and a.(V) is almost generic, then a.(V) is 8’-stable,

r—@Q.rtr
where 8’ =6 Iac(V)'

Example 2.4.4. Consider the poset S = (N, 2) from Example and the
representation V € sps from Example S is 6-differentiable and 3¢(V) is
given by
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(e2, €3)
96(V): (ex+e3) (e2, €3)
ez + e3

/\/

We’ve seen that V is @-positively stable in Example Applying Theorem
we get that 9¢(V) is 8’-stable, where 8’ =01y, =(—3;1,0,2,1,2,1,0, 0).

For further details on the construction of Iy,, as well as the calculations, the

(e3)

reader is referred to Fonseca’s PhD thesis [Fon23, Example 4.2.5].
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Chapter 3

A Suitable-Pair Poset Differentiation

In the late 1970s, Zavadskij developed a new differentiation algorithm for
posets which was, in his own words, applicable in a more general situation
[Zav77]. Zavadskij and Nazarova were able to achieve a criterion for classi-
ficarion of posets of finite growth representation type, for instance, through this
latter algorithm [ZN82]. Similarly to Fonseca’s results on Nazarova and Roiter’s
maximal-element differentiation, this work intended to accomplish interesting
results based on Zavadkij’'s algorithm.

3.1. The Algorithm of Zavadskij

Instead of differentiating with respect to a maximal element, like Nazarova
and Roiter had done, Zavadskij proposed a procedure involving a pair of points.
Not every pair of points is, however, eligible for the procedure, in the sense that
a certain condition needs to be satisfied.

Definition 3.1.1. A pair (a, b) of elements of a poset S is called suitable if

a A b and the subposet S; of S is either empty or linearly ordered, where
at:={ieS|laxi},
bV:={jeS|j<b} and

SE:=8\(a®ubv).

Given (a, b) a suitable pair, we may write S= bV uCuUa?, where C = Sg is
either {c1,...,cm} or empty; hence, S must have the form

41
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Definition 3.1.2. Given (a, b) a suitable pair of S and C = S} = {c1,...,Cm},

we may define a new poset
dapS:=bYuUC uCtuad?, (3.1)

WhereC_=C+=®ifC=®andC_={c;<...<c;q}, C+={c{<...<c;}

otherwise. The partial order relation < in d(q,0)S is defined as follows:

i. all relations in S are kept between elements of a® + bV;
ii. ¢ <cf foralli=1,...,m;

iii. ift <s b, then
t-<c;r < t=<scjand
t<cj_ — t=<scCj

iv. ifa<ss, then
c/._<s < ¢j<sSand

+ . .
v. the relationsa < b, a < CJ{ and ¢ < b are added;

vi. if s<tandt=<sindeqnS, then s and t are identified.

The poset 9(q,n)S is called a differential of S with respect to the suitable
pair (a, b) and it has the following form:
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Example 3.1.3. Let S = (N, 2) from Example The pair (5, 4) is suitable

and the differential of S with respect to it is given by:

9(5,4)S :

3.2. A Suitable-Pair Differentiation Map

Zavadskij himself gave a categorical interpretation of his differentiation al-
gorithm through a map between representations of a poset S and its differential
poset 9(q,n)S.

Definition 3.2.1. Given (a, b) a suitable pair of S, there can be defined a map

O(a,b) 1 5Ps == SPy, s ON isoclasses of objects as follows:
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I. LetC=5={c1<...<cm} and V= (Vo;Vj)jes € sps.

ii. Choose U C V4 a k-subspace such that Vq+ Vp=U® V.

iii. Setdq,p)(V):=W = Wo; Wiicos, Where

Wo = Vo/U,

We = ((VonVe) +U)U forj=1,...,m,
Wc].+ =(Va+ VU forj=1,...,m.
We = (Ve + U)/U for t € a® + bV.

d(a,b) Is called a differentiation map with respect to the suitable pair (a, b).

Example 3.2.2. Let § = (N, 2) from Example and consider V € spg from
Example We first observe that the sum Vs + V4 is direct, allowing us
to choose U = Vs, which satisfies the condition ii. from Definition The
representation 9(s,4)(V) = W = (Wo ; W))jeas 4 s iS given as follows, where every

quotient space W stands for W/(e3).

9(s,4)(V):
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3.3. A proof of Kleiner’s Theorem

It was previously shown that posets of finite representation type may be
described via Kleiner’s classification theorem [Kle75]. According to the state-
ment, a poset S is of finite representation type if and only if it contains none
of Kleiner’s critical posets K1, K2, K3, K4 or Ks as a subposet. The following
preposition plays a fundamental role in proving it.

Proposition 3.3.1 ([Arn00], Proposition 1.3.1). Let S be a finite poset and
T a subposet of it.

i. S has finite representation type = T has finite representation type.

ii. T has infinite representation type = S has infinite representation type.

Sketch of Proof. = We define the correspondences F* : sp; — sps and
F~ : spy — spg as follows. Let W = (Wo; W)ieT € spT.

F*(W)=W* = (W]; W )ies is such that

War =Wy
WiifieT
Wi+ ={ > j<i W; if ie S\ T and there exists j € T such thatj <
jeT
0 otherwise.

Analogously, F-(W) =W~ = (W, ; W )ies is such that

Wa = Wy
Wi ifieT
W- ={()j=i W, ifie S\ T and there exists j € T such that j > i
JjeT
Wy otherwise.

Given f : W — V a morphism in sp+, we naturally define F*(f) = f and
F~(f) = f as morphisms in sps. Then F* : Hom (W, V) — Hom (F*(W), F*(V))
and F~ : Hom (W, V) — Hom (F~ (W), F~(V)) consist of isomorphisms for each
pair of objects W, V in sp, thus inducing an injection Ind (sp;) — Ind(sps). O
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One last crucial statement is necessary for our task here. Although sim-
ilar to Nazarova and Roiter’s case (Theorem [2.1.3)), Zavadskij's result below is

somehow more precise.

Theorem 3.3.2 ([Sim92] Theorem 9.10). Let S be a (q, b)-differentiable

poset. Then the differentiation maps 9(q,b) yields
#Ind sps = 1+ |Sg| + #1Ind Epa(a,b)s

in case both #Ind sps and #Ind sp, < are finite.

This theorem’s proof relies on a section map 9, py : 5Py, s ——* 5ps With the
property that 9(q,») a(_a,b)(W) = W for every indecomposable representation W €
SPaps- Further details can be found in Simson’s textbook ([SIm92], Sections
9.2, 9.3 and 9.4).

We now get down to business by first proving that K; = (1, 1, 1, 1) is of infi-
nite representation type ([Arn00], Example 1.1.6). First, let's consider a matrix
A € Mpxm(k) for m € Zt. We should also define (1 + A)k™ = {(x,Ax) | x € k™},
thus obtaining a representation V4 € sp :

k™ e k™

Va: ke 0 0@ k™M (L+1)km (L+A)k™

We want to show that there exist infinitely many indecomposable repre-
sentations of the form V4. Given A € k and m < 1, one may consider A(m, A),

the m x m Jordan block matrix with minimal polynomial (x — A)™:

A1 0
A
A(m,A) =
1
- 0 A -

We then observe that Va(m, ) is an indecomposable k[ x]-module such that
A(m,A)~A(m’,A\") & m=m’ and A = X/, thus concluding that
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{(ValA=A(m,A), m>1,Aek}

is an infinite subset of Ind sp; .

The critical posets K3, K3, K4 and Ks will be proven of infinite representa-
tion type by applying the suitable-pair differentiation algorithm and observing

Proposition |3.3.1|,

d(5,2)K2 contains {1,4,3%,6} = K; as a subposet:

9(5,2)K>2 :

d(5,4)K3 contains {2 < 3,17 < 1+,6 < 7} =K; as a subposet:

o —— 30

9(5,4)K3 : 3

N e—— o



48 3.3. APROOF OF KLEINER’'S THEOREM

9(5,4)K4 contains {2,17 < 1* <3%,6 <7 < 8} =K3 as a subposet:

8
[ ]
o 7
3+ A
[ ]
°* 6
9(5,4)Ks :
[ ] [

v

1-

9(4,3)Ks contains {2<3>17<1%,5<6 <7 <8} =Ky as a subposet:

9(4,3)Ks :

We then conclude that if S contains any of Kleiner’s critical posets, then it
is of infinite representation type. Proving the converse takes a rather lengthy
path, as it involves combinatorial lemmas which guarantee that, if S doesn’t
contain any of the critial posets, then there exists a suitable pair (a, b) in S such
that |S;| < 1 and 9(q,)S does not contain them either ([SIm92], Sections 10.2
and 10.3).



Chapter 4

Some Results

The path to observing whether stability is preserved or not after a sui-
table-pair differentiation runs through coming up with a matrix that tells us
how a poset’s dimension vector is transformed by the associated map. Inter-
estingly, this very same matrix has shown inverse Cartan matrices congruence
under certain conditions. Although a transformation that precisely converts
a stable poset representation’s weight into its suitable-pair differentiated one
hasn’t been achieved yet, some useful lemmas help us build it case-by-case.

4.1. On the Congruence of Cgl and C;(irb)s

Fonseca’s work showed us that describing the way a stable poset repre-
sentation’s weight changes under a maximal-element differentiation is possible
by means of a linear transformation ([Fon23]], Theorem 4.2.4). Here, a similar
approach is attempted for the suitable-pair differentiation procedure.

Example 4.1.1. Consider the poset S = (2, 2, 2).

>
= e— e W
N 66— 3 e N~
Ul e— 3o O

S is (5, 2)-differentiable and its differential poset with respect to this suitable

pair is given by:

49



50 4.1. ON THE CONGRUENCE OF Cgl AND C;l
“BS

9(5,2)S :

The Cartan matrices of S* and 9(5,2)S* are, respectively,

{oy 2v. s¢ 54

0})f1 |/o0|0o0/|0 0]
1/11/00/|00
2V
101
C3*=
1 /0011|000
5(1
“l1]100l01]00
" 1 0 1
1 /00|00 |0 1]
{0} 2v\{2} {2} C- ct {5} 5%\ {5}
0y [1 0 O oo0o|0o0]|O 0
2VAN{2}] 1 1 1| 00|/00]| O 0
(2} 1 0 1|00/ 00]0O 0
- 1 0 1111110 0
Cos sk = 1 0 110101
1 0 0/l00|11] o0 0
C+
1 0 0/00|01]| o0 0
{5} 1 0 100|111 1
54\ {5} 1 0 0Ojoo0|0O0]O 1
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These matrices are invertible and their inverse matrices are

[ 1 00 00 0 0 |
0 |1 —1
~1]/0 1 0 00
Cox=10 00 |1 -1
1 0 1
0 00 0 1 —1
| -1 0 1 |

-1, 0 1 00 00 0|0
0 0 1 -1 | -1 1
-1 = 1 -1 0 1 0 -1

9(5,2)S * T

Analogously to Fonseca’s result (Example[2.3.1)) there may be constructed

a matrix Ts € Myx9(Z) such that C;,lk =Ts- C;(iz)s* -Tg, i.e. the inverse Cartan

matrices are congruent. For this example, Ts is given by
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{0} 2V\{2} {2} c™ ct {5} 52\ {5}
{0y [1 0 0| -1 -1]/001] 0 0

2v\{21| o 1 0 00 001/ O 0

{2} 0 0 1 11 00| O 0

Ts =
. 0 0 0 1 0 10/ 0 0
0 1 0

(5} | -1 0 0 00 001/ O —1

54\{5}| 0 0 0 00 00| O 1|

The particular choice of portraying these matrices as blocks, apart from
making it easier to generalise the result, comes from another line of thought.
This very same matrix Ts € My« 9(Z) was initially conceived as a way of changing
dimension vectors. Here's an example to clear things up.

Example 4.1.2. Still with the poset S = (2, 2, 2) from Example consider

the following subspace representation V € spg

(e123, €1+ 2e3) (e1, e2) (e2, e3)
]
(e123) (e1) (e3)

For the sake of simplicity, it was written (e123) instead of (e1 + e, + e3). We saw
that S is (5, 2)-differentiable and its differential poset 3(s,2)S was also shown in
Example Applying our differentiation map from Definition where

the k-subspace U C Vs was chosen to be Vs = (e3) itself, we get that
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95,2)(V):

Here, it was written W for every isoclass W/(es) in order to improve read-

ability. We shall now proceed to analyzing the dimension vectors of both V and

a(5,2)(V).

-]

o
dimas 2 (V) T \ 1 / T 1
PN

A straightforward calculation shows that dimoas,2)(V)=dimV - Ts.
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9(A,B)S

Now that the motivation behind the conception of the matrix Ts has been

given, we may go on to a generalisation of the foregoing ideas.

Proposition 4.1.3. Let S be a finite poset consisting of three chains.

Ts

! I ! I ! I
| ' | ' | '
: bm1= b : : sz : : am3 :
1 1 1
: ° : : ° : : ° :
! AN 1 ! AN 1 ! AN 1
! 1 ! 1 ! 1
! 1 ! 1 ! 1
1 1 1
! I ! I ! I
| ' | ' | '
1 ! 1 ! 1 !
1 1 1
S: | : ! | : ! | : !
1 . : 1 d : 1 . :
I A X I A X I A X
! 1 ! 1 ! 1
1 1 1
! I ! I ! I
| ' | ' | '
1 ! 1 ! 1 !
| ° : | Y : | Y :
1 1 1
: b1 ! : C1 ! , ar=a !
I ' I ' I '
1 ! 1 ! 1 !
L e e e ! L e e e ! L e e e !
bV C at
Then S is (a, b)-differentiable and Cg}k =Ts- C;(l S * -Tg, where the matrix
a,
Ts € M|§* [x18(a,b)S * |(Z) is given by
{0} bV \ {b} {b} c ct {a} a®\ {a}
1 O01x(m1-1) 0 —E,tgz O01xm> 0 O01x(ms3-1)
O(mi-1)x1 Idm;—1 O(m1-1)x1 | O(mi—1)xm> | O(m1—1)xm3 | O(m1—1)x1 | O(m1—1)x(m3—1)
0 01x(m1-1) 1 Ef,;2 01xm, 0 01x(m3—1)
omle omzx(ml—l) Omle Idmz Idmz omle omzx(m3—1)
-1 O1x(m1-1) 0 O1xm; 01xm; 0 —E .
| O(ms—1)x1 | O(m3—1)x(m1-1) | O(mz—1)x1 | O(m3—1)xm3 | O(m3—1)xm; | O(mz—1)x1 Idms—1

{0}

bv\ {b}

{b}

{a}

a®\ {a}

_________

- —-—

_____

Proof. The first step consists of writing the extended poset’s Cartan matrix as a

block matrix.
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{0} bv

{0}

olxm1

lemz olxm3

bV {Emy | Xmy

Omlxmz omlxm3

C Emz omzxml

sz omzxmg

A
a Em3 0m3xm1

Given n € N, the matrices E, € Mpx1(Z) and X, € Mpxn(Z) stand for

En=| . and Xn

Cs* is an upper block triangular matrix where all of its diagonal entries

are nonzero. Not only does its inverse matrix exists, but also it may be easily

calculated:

lem1

Omgxmz Xm3

lem2 lem3

_le

X—l
ma

Omlxmz Omlxm3

—1
S*
_Fm2

Omzxml

—1
sz Omzxm3

__Fm3

For any n € N, the matrices F, € Myx1(Z) and X;l € Mpxn(Z) respectively

denote

0m3xm1 om3xm2

X—l
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9(A,B)S

o 1 -1 0
0 1 -1
Fn= : and X;1= 1
0
1 -1
o 0 1

By doing the very same procedure, we obtain the extended differential

poset’s Cartan matrix and its inverse one written as block matrices.

{0} bV \ {b} {b} c- ct {a} a®\ {a}
{0} 1 01x(m1-1) 0 O01xm, O1xm, 0 01x(m3—1)
bV \ {b} Em1—1 Xml—l Em1—1 o(ml—l)xmz 0(m1—1)xm2 0(m1—1)x1 0(m1—1)x(m3—1)
{b} 1 O01x(m1-1) 1 O1xm, O1xm, 0 O01x(m3—1)
Coamys* =
(@b c- Em2 Omzx(ml—l) Emz sz sz omle omzx(m3—1)
ct Emz Omzx(ml—l) omle omzxmz sz Omle Omzx(M3—1)
{a} 1 01x(m1-1) 1 O1xm; E,t;z 1 Ert;3—1
a® \ {a}LEms—1|0(m3s—1)x(m1-1) | O(m3—1)x1 | O(m3—=1)xm> | O(m3—1)xm; | O(m3—1)x1 Xm3—1 i
1 O01x(m1-1) 0 O1xm, O1xm, 0 01x(ms3—1)
O(mi—1)x1 X;qll_l —Fmi—1 [Omi—1)xm> | O(m1=1)xm> |O(m1=1)x1 | O(m1—1)x(m3-1)
-1 01x(m1-1) 1 O1xm, O1xm, 0 01x(m3—1)
—1 F 0 _ —F x-1 X1 0 0 —
a(alb),s* = my myx(mi1—1) my m- m- mpyx1 myx(m3—1)
_sz omzx(ml—l) Omle 0m2 xmpy X;q]z' omle Omzx(m3—1)
2 O01x(m1—1) -1 O1xm, —F:;z 1 —F%B_l
L —Fms—-1 |O(ms—1)x(m1-1)|O(m3—1)x1 |O(m3—1)xm3 | O(m3—1)xm3 | O(m3—-1)x1 X;13—1 -
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By multiplying the block matrices, we show that the equality holds:

-1 __ ot . Ttr
CS* —_ TS Ca(a,b)s* TS .

4.2. Stability after a suitable-pair differentiation

Although a linear transformation performing the weight change after a
suitable—pair differentiation still hasn’t been achieved, a lemma can help us.
It had been observed that the suitable-pair differentiation map yields a sub-
space representation which usually contains the ambient space itself or a copy
of another subspace. That's why the result below might be useful in numerous

cases.

Lemma 4.2.1. Let S be a finite poset with elements {1,...,n} and V € spg be
a 6-stable representation for a certain 6 € 75* . Consider T=Su {n+ 1}, the

extension of S by the element n+ 1.

i. If W €spris such that

Wo = Vo,
Wi =Vj,
W, =V, and
Whns1 = Vo,
then W is a-stable for
a=[ Oo—m 01 --- 6, m }GZT*

and every me 7+,
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ii. If W € sp is such that

Wo = Vo,
Wy =V,
Wn = Vn and
Wn+1 =Vh,
then W is B-stable, where
B=[ 200 261 - 2001 6, 6, |€Z7".
Proof,
i. We first check that
dim Vo
dim Vi
cx-(dimW)"=[ 6o—m 61 --- 6, m }
dimV,
dim Vo

n
= (80— m)dim Vo + > 6;dim V;+ mdim Vo
=1

n
> 6;dimV;—mdim Vo + mdim Vo
j=0

0.

Any proper subrepresentation of W has the form
WK=(V0 NK;VinkK,...VanKk, VoﬂK)

for K a proper subspace of Vo. We may note that Vg = (Vo NnK; VN K)f’=1 is

also a proper subrepresentation of V, which allows us to conclude that:
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dim(Vo nK)
dim(V1 nK)
a-(dimW)" = 6o—m 61 - 6, m |- :
dim(V,nK)
dim(Vo N K)

n
= (60— m)dim(VonK) + Zeidim(V[nK) + mdim(Vo NnK)
i=1

I
.M:

-
Il
o

6;dim(V;nK) —mdim(Vo nK) + mdim(Vo NnK)

A
o

il. We begin our proof by checking that

dimVo
B-(@imW)"=[ 20, -+ 26,1 6, 6n |- | dimV,
dimVj
dimV,
n—1 n
=>.26idimVi+26,dimV,=2> 6;dimV;=0.
=0 j=0

Once again, we consider any proper subrepresentation of W, which must

have the form

Wk =(VonK;VinK,...VonK,V,nK)

for a proper subspace K of Vo. If we spot that Vk = (Vo nK;VinK)7;
consists of a proper subrepresentation of V, we may then wrap it up by

checking that



60 4.2. STABILITY AFTER A SUITABLE-PAIR DIFFERENTIATION

dim(Vo NnK)

p-(dimwK)”=[2eo e 20,1 B, en]- dim(V,_1 NK)
dim(V,, nK)
dim(V, nK)

=
|
-

I
[

20;dim(VinK) + 26, dim(V, nK)

2

I
- I

-
Il
o

6;dim(V;nK) < 0.

O]

Example 4.2.2. Let S = (1, 1, 1) and consider the following representation V €

)

V: (e123) (e1) (e3)

Then V is O-stable, where 8 € ZS* is given by

Let T=(1,1,1,1), an extension of S, and W1 € sp; such that
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Wi: (e123) (e1) (e3) (e1, ez e3)

Applying Lemma we get that W1 is a-stable for a € z7T* given by

Similarly, if W3 € spr is

W, : (e123) (e1) (e3) (e3)

then W is B-stable, where Be 27 * is
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Appendix A

Zavadskij’s article in which he first defined a suitable-pair differentiation
algorithm was published in 1977 [Zav77]. Not only is the text is Russian, but
also the book containing it is somewhat rar and unavailable on the internet. For
this reason, with a slight knowledge of Cyrillic script, the assistance of translat-
ing apps and professor lusenko’s revision, a free translation of it was chosen to
be added below. Original terms and notations were kept, although equations
were depicted in a more intelligible way.

Differentiation by a Pair of Points (A. G. Zavadskij)

Recall (see [1], [2], [3]) that a representation of a finite partially ordered
set M over a field k is a set of finite-dimensional k-spaces of the form {V; Vy |
X € M} where V D Vy for any x € M and Vx c V,, for x X y. Indecomposable and
equivalent representations of a set are defined in a natural way.

In [1], an algorithm for differentiating partially ordered sets and their rep-
resentations was constructed, which was then used to prove the criterion for
the finiteness of a partially ordered set type [4], to solve the Brauer-Thrall prob-
lem for algebras over a perfect field [5], to study the representations of quivers
[3], to describe quivers and partially ordered sets of tame type [2], [6], and to
consider other issues. The condition that allows this algorithm to be applied is
the existence of a maximal or minimal point in a partially ordered set that is not
included in the four incomparable elements.

This article describes a new algorithm for differentiating partially ordered
sets, which is applicable in a more general situation.

We first describe the formal procedure of differentiation. We assume that
all partially ordered sets are finite.

We will say that a partially ordered set M is the sum of sets A,,..., A, and
write M=A1+---+ A, ifthe sets Ay, ..., A, are pairwise disjoint subsets of the
set M, the union of which coincides with M. Of course, elements of different
sets A1, ...,An can be comparable with each other.
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We denote by {x}2 and {x}V, respectively, the upper and lower cones of
the element x: {x}2={yeM|y=x}, {x}V={yeM|y=<x}.

A pair of points (a, b), a # b, of an arbitrary partially ordered set M will be
called suitable if the following two conditions are satisfied:

1) a £b;
2) M={a}2+ {b}V +C, where Cis a linearly ordered set (possibly empty).

The derived set of a set with respect to a suitable pair of points (a, b) is

the set M’

(a.b)’ obtained from M as follows:

1) the linearly ordered set C = {c1 < Cc2 < --- < Cph} is replaced by two new
linearly ordered sets C~ = {c] <¢; <---<c }and C" ={c] <cj <--- <
ct}. Moreover, forany 1 <i=n, ¢; <¢; and each of the points ¢, ¢/

inherits all the connections that the point ¢; had with the points of the set

M\ G;

2) the connections a < b, a < ct

T, < b and, of course, the connections

induced by these connections;

3) if points x,y arise such that x < y and y < x , then x and y are identi-
fied. It follows from the definition that in the case of C = @ differentiation
consists of making only one additional connection a < b (with the possible
identification a = b if initially a > b).

Now let us explain how the algorithm operates on representations.

Let T = {V;Vx | x € M} be a representation of a partially ordered set M
with an appropriate pair of points (a, b). Let Vq+ Vp = U @ Vp where U C V.
We associate with the representation T a representation T’ of the derived set

M(, py s follows. Put 7" = {W; Wx | x € M(, ..} where
w=Vv/U;
Wy = (Vx + U)/U for all x e M¢, , \ (CTUC™) and

Wcl.’r =(Vq+ Ve +U)U;
W= ((VobnVc)+ U)/U.
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We will show that the representation T’ defined in this way does not de-
pend, up to isomorphism, on the choice of U.

Indeed, letV =(Vg+Vp)eX=UsdVy®Xand m:V— V,®X be the natural
projection corresponding to this decomposition. Setting

W=Vye X
Wy = m(Vy) for any x € MEa’b) \(CtucC)
WCT =n(Vq+ V) and
We =m(VpNVe) = Vb Ve,

we obtain a representation of the derived set T = {W; W | x € MEa b)}.

Let us now consider another decomposition V = U; & Vp @ X with a new
Ui (but with the same x) and the canonical projection m; : V — Vp & X. It
corresponds to a similarly defined representation T’1 = {W; Wi | x e M/ .} of

(a,b)
/
the set M(a,b)'

Denote VoNVp = A. Since Ao U = Ao U; = Vg, then n(v)—m1(v) € A
for any v € V. In addition, n(a) = m(a) = o for every a € W. Consequently,
n(Vy) = m1(Vx) when x € Mfa b) \(CtuC)and n(Vg+ V) = mi(Va+ V), ie.

Wy = Wi for every x € MEG b) and thus T’ = T’l. The correctness of the operation

of transition from T’ to T has been proven.

Now let S = {W;Wx | x € MEa b)} be a representation of the derived set

Mfa by’ Let’s restore the representation [S] = {V;Vx | x € M} of the set M
for which [S] ~ S. To avoid the need to take identifications into account, we
consider the basic case when the points a and b are not comparable with each

other and are not comparable with the points of the set C.

Let’s represent the space W:,- as W:i =F ®&H;® Zx«f Wy, where F; ¢ Wy,
HinW), =0 and let’s designate f, ... 'f;n basis of the space F; (i < i< n). Assum-
ing that the symbols uj‘. (1 < i< n)form a basis of some vector space U, let’s put
V =Ue® W and denote ej‘. =fj’ + uj‘..

Let Vx = U ® Wy for any x € {a}?; Vy, =Wy, forany y € {b}V. Denoting by
(a,B,...,7v) the vector space generated by the vectors @, B, ..., Y, and setting

Ve, = (e],....e) )+ Hi+ We; Vo = (e!,. ..,e;')i) +Hi+ We- + Ve, ([ 2 2), we
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obtain a representation [S] = {V; Vx | x € M} of the set M .The construction of
the representation [S] in the case of an arbitrary suitable pair of points (q, b) is
carried out similarly.

It is easily verified that, up to isomorphism, the representation [S] does
not depend on the method of choosing the spaces F;, H; and the basis elements
i
fj.
For an arbitrary representation T = {V; Vy | x e N'} of the set NV, we denote
by w(T) the sum w(T) =d + >\ dx, where d =dimV; dx =dim Vyx/ >, _, Vy.

Proposition 1. Let be a partially ordered set with a suitable pair of points
(a, b). Then

(a) [S] ~S for any representation S of the set MEa by’

(b) if T is any representation of the set M that does not contain indecompos-
able sets {a} and {a, ¢;} as direct summands, where c;€ C, then [T’] ~T;

(c) for any representation T of the set M, w(T’) < w(T);

(d) for any representation T = {V/Vy | x € M} of the set M such that V, & Vp,
w(T’) < w(T).

Proof. Iltems (a), (c) and (d) are fairly obvious, so we prove only item (b).

Let T = {V/Vx | x € M} be a representation of theset MandV=Ue®Vyo X
where Uc Vgand Ue Vp =Vg+ Vp. Denote by 1y : V— X and n, : V— U the
canonical projections corresponding to this decomposition.

Let
Tix(V¢,) = Ha,
x(Ve,) =H1 @ Ha,

T[X(VCn) = H]_ DD Hn.

Since the space X is defined modulo U@ V), (as the complement of U® V, in
the decomposition V=U® V, & X), and Hs, ..., H, are mutually complementary
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to each other, we can assume that H; c V., for any i. Thus, if o € V. and
mix(a) # 0, then a € X.

Let

T[U(VC1) = Ull
T[u(VCZ) = Ul ® U2:

Mu(Ve,)=U1 @+ @ Up.

Then Ui ®---® U, = U, otherwise the representation T would contain inde-
composable representations of the one-point set {a} as direct summands.

Suppose that u, . .. “fo,- is a basis of U;, and ej‘f = uj‘ﬁ+fj" are those elements of
the space V., for which nu(ej‘.) = u/‘. , Where fj‘ € Vp. Let's denote F; = i .. "f;n)'
Since the complement U is chosen modulo A = V,n Vp, and the spaces U; are
chosen modulo U; ® --- ® U1 and fj" € V,, then the elements f",...féi can be
chosen modulo the space A+(F1+---+Fi—1)+(VpNV,,), and they must be linearly
independent modulo this space, otherwise the representation T would contain
as a direct summand an indecomposable representation of the set {a, ¢;}.

Thus, we canset T = {W; Wy | x € M(a b)}, where

W=V,e X

Wyx =W N Vy forxeMza,b)\(CJ’uC‘)

We =V Vb
Wer=(Fr@--@F)+H1® -0 H)+ A+ W,

In this case, obviously, W+ = Fi@ H; @ D x<ct Wx and, therefore, [T’] ~ T,
which was required to be proved.

For the purposes of [7], we will need another statement characterizing

the operation of transition from the representation S of the set MZa b) to the

representation [S] of the set M.

Llet S = {A;Ax | X € MEQ b)} be the representation of the derived set
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Mza,b) over the ring of polynomials in one variable k[X], i.e. a set of ring-
generated k[ X]-modules such that A > Ay for for all x and Ax C A, for x <y.
Let ;1 Acr _’Ac7/2x<c;f Ax be the natural projection and ¢i(f}), ..., (p,-(fIfm) the
minimal system of generators of the image. We can consider some free k[ X]-
module U with basis u]‘: (1<i<n;1<j<m)and, setting B=U® A; ej‘: =fj" + u/‘

obtain some representation [S] = {B; Bx | x € M} of the set M over k[ X], where

By =U® A, for x € {a}?;
Be, = {e},....,e; }+A; and

Bo={€),...,e&) }+A-+B., forix2
(of course, there is no connection with the differentiation operation here).

In the same way, we can obtain another representation [S] of the set M,
assuming that some of uj‘: are equal to 0. Since the number of elements u]‘:
forming fj‘ is finite, we can equate to 0 only in a finite number of ways, then
from this representation [ S] (with fixed fj‘) we can obtain only a finite number of
such representations [S] of the set M. Let us number all these representations
by elements of some finite set I and write [S];, i €.

Let us agree on one more notation (see [8]). If S = {A;Ax | x € M} is a
representation of some set M over the polynomial ring k[ X] and B is a finite-
dimensional (over the field k) k[ X]-module, then we denote by S ® B the rep-
resentation of the set M over k , defined as follows: S® B = {V; Vx| x € M},
where V = A®(x1 B ; Vx =Im(Ax ®xx) B 225 A®yx) B) and ay = Ay — A is the
natural embedding.

The following follows directly from the definitions.

Proposition 2. Let S be a representation of the derived set MEG py OVera
ring k[ X] and let B be a finite-dimensional k[ X]-module. Then [S®B] ~[S];®B

for some iel.

In conclusion, we note that the algorithm for differentiating a partially or-
dered set described here is related to the algorithm of [1]: one differentiation
in the sense of [1] is obtained as a composition of several differentiations in a
new sense. Namely, let & be the maximal point of some partially ordered set M,
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not included in the four elements that are incomparable with each other. Then,
differentiating the set M in any way by suitable pairs of the form (a, §), as long
as possible, we obtain a set that is the ordinal sum (see [7]) of the derived set
M{q, in the sense of [1] and the one-point set {&}.
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