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Abstract

We consider optimization problems with partitioned cardinality constraints, which in-
clude complementarity constraints, and general equality and inequality constraints. In the
augmented Lagrangian method that we consider, the bounds and the cardinality constraints
are kept in the subproblems, which are solved by the Telescopic Method, introduced in a pre-
vious work for problems with bounds and partitioned cardinality constraints only. The limit
points of this augmented Lagrangian method are B-stationary, without constraint qualifica-
tions, if the penalty parameters remain bounded, but not in general, as we show by means
of a counterexample. If the penalty parameters are unbounded and the stopping criterion of
the subproblems includes a derivative test outside the current face, the feasible limit points
at which a linear independence constraint qualification holds are M-stationary for MPCCs.
The reason is that the swaps of the Telescopic Method pass through points at which the
constraints have different values, and the corresponding variation of the penalty term grows
with the penalty parameter. We modify the swaps, by means of a scaled Newton restoration,
so that they preserve the values of the constraints. We prove that, with this modification,
every feasible limit point at which a linear independence constraint qualification holds is B-
stationary (S-stationary for MPCCs), whatever the behavior of the penalty parameters and
of the safeguarded multipliers. We show, by means of counterexamples, that the modification
is necessary, even under the linear independence constraint qualification and with exact so-
lutions of the subproblems, and that the constraint qualification cannot be weakened to one
of Mangasarian—Fromovitz type. In the MacMPEC collection, the method found certified S-
or B-stationary points in 185 of the 193 instances, more than Algencan and the regulariza-
tion method of Scholtes. In experiments with cardinality-constrained portfolios and sparse
principal component analysis, the constraint-preserving swaps improved the original swaps
and the methods applied to complementarity reformulations.

Keywords: augmented Lagrangian methods, partitioned cardinality constraints, complemen-
tarity constraints, B-stationarity, constraint-preserving swaps, Telescopic Method.

AMS subject classifications: 90C30, 90C33, 65K05, 49M37.

*This work was supported by FAPESP (grants 2022/05803-3 and 2023/08706-1) and CNPq (grants
302073/2022-1 and 305058/2024-0).

TDepartment of Computer Science, Institute of Mathematics, Statistics, and Computer Science (IME), Uni-
versity of Sdo Paulo, Rua do Matao, 1010, Cidade Universitdria, 05508-090, Sao Paulo, SP, Brazil. e-mail:
egbirgin@ime.usp.br

fDepartment of Applied Mathematics, Institute of Mathematics, Statistics, and Scientific Computing
(IMECC), State University of Campinas, 13083-859 Campinas SP, Brazil. e-mail: martinezQime.unicamp.br



1 Introduction
In [§] we introduced the Telescopic Method for the problem
Minimize f(x) subject to x € €, (1)

where  is defined by bounds and partitioned cardinality constraints (PCC). This means that
the variables are divided into blocks and that, in each block, at most a given number of variables
may be non-null. Bound-constrained mathematical programs with complementarity constraints
(MPCCs) are the particular case in which each block is a complementarity pair, with at most one
non-null variable. Every limit point generated by the method is B-stationary, without constraint
qualifications. In this paper we consider additional constraints h(x) = 0 and ¢(z) < 0.

Without constraint qualifications, we do not know any method that guarantees B-stationarity
for problems with general nonlinear constraints, not even in smooth nonlinear programming.
In that generality, augmented Lagrangian, sequential quadratic programming, and interior
point methods guarantee sequential optimality conditions such as AKKT [3] (see [24] for car-
dinality constraints), which may hold at points that are not B-stationary. For example, for
Minimize —x1 — x5 subject to 2129 = 0 and 2 > 0, AKKT holds at 2* = 0 (take ¥ = (1/k, 1/k)
and the multiplier k for z1x2 = 0), which is not B-stationary.

For MPCCs with general constraints, regularization methods, such as Scholtes’ relaxation
[33], and penalty methods converge, under MPEC constraint qualifications, to C- or M-stationary
points, which need not be B-stationary. With inexact solutions of the subproblems, even these
guarantees may be weakened [22]. Relaxation methods are compared, theoretically and on
MacMPEC, in [19]. SQP methods converge locally superlinearly near strongly stationary points
[15], and interior-penalty methods converge globally to strongly stationary points under stan-
dard assumptions [27]. Augmented Lagrangian methods applied to the nonlinear programming
reformulation of MPCCs were analyzed in [20, 5] and, for cardinality-constrained problems (see
also [6l, [12]), in [23], where convergence to strongly stationary points is proved under a problem-
tailored quasinormality condition. Guo and Deng [I8] keep the complementarity constraints,
written with slack variables, in the subproblems of an augmented Lagrangian method, solve
the subproblems by a nonmonotone projected gradient method, and obtain M-stationary limit
points under MPCC-RCPLD. For this method, Andreani, da Rosa and Secchin [2] proved the
boundedness of the multipliers under quasi-normality-type conditions, and observed that keeping
the complementarity constraints in the subproblems improves the numerical stability. Closest
to our approach, Jia, Kanzow, Mehlitz and Wachsmuth [2I] keep nonconvex sets with inex-
pensive projections, such as complementarity or cardinality constraints, in the subproblems of
an augmented Lagrangian method, and obtain M-stationary limit points under an asymptotic
regularity condition. The straightforward augmented Lagrangian method with telescopic sub-
problems also keeps the nonconvex constraints in the subproblems and, if their stopping criterion
includes a derivative test outside the current face, its feasible limit points are M-stationary under
MPEC-LICQ (Section . In the method proposed in this paper, the subproblems are also
solved by the Telescopic Method, but its swaps are modified so that they preserve the values
of the constraints, and the limit points are B-stationary (S-stationary for MPCCs) under PCC-
LICQ (MPEC-LICQ for MPCCs). Active-set and hybrid methods, such as the one of Lin and
Fukushima [29], assume MPEC-LICQ and use the signs of the multipliers to change the active
set or to certify S-stationarity. The method of Nurkanovié¢ and Leyffer [30] solves a sequence of
nonlinear programs associated with branches of the feasible set (BNLPs) and of linear programs
with equilibrium constraints (LPECs). The LPECs either certify B-stationarity or provide a
new branch. Global convergence to B-stationary points is proved assuming MPEC-MFCQ at



every feasible point and that the BNLP solver returns stationary points with a uniform sufficient
decrease. For bound-constrained MPCCs, the method of Kirches, Larson, Leyffer and Manns
[25] converges to B-stationary points without constraint qualifications. Other constraints may
be handled by an augmented Lagrangian method, but, as in Section 4| the B-stationarity of
the subproblems is not inherited by the limit points. To our knowledge, no method guarantees
B-stationarity for PCC problems with general constraints. For MPCCs, the closest result is the
one of [30], which requires MPEC-MFCQ at every feasible point and solves LPECs, whereas
our result requires PCC-LICQ only at the limit point, uses only swaps, and applies to general
partitioned cardinality constraints. The two assumptions are not comparable.
The contributions of this paper are the following.

e The straightforward safeguarded augmented Lagrangian method [I, 1I] with telescopic
subproblems (Algorithm 1). Its limit points are B-stationary, without constraint qual-
ifications, if the penalty parameters remain bounded (Theorem , but not in general
(counterexample of Proposition . If the penalty parameters tend to infinity, its feasible
limit points at which PCC-LICQ holds are M-stationary for MPCCs (Theorem and
Corollary , thanks to condition (c) of the stopping criterion of the subproblems, which
cannot be dropped (counterexample of Proposition .

e A characterization of B-stationarity for PCC problems with general constraints (Proposi-
tion (3.4]).

e The constraint-preserving swap (Algorithm 2), based on a scaled Newton restoration
with a computable tolerance (Lemma .

e The modified augmented Lagrangian method (Algorithm 3), whose feasible limit points
at which PCC-LICQ holds are B-stationary, also when the penalty parameters tend to
infinity and for the quadratic penalty method (Theorem [6.1)).

e The modification that gives rise to Algorithm [5]3 is necessary, even under MPEC-LICQ
and with exact solutions of the subproblems (counterexamples of Propositions
and , and PCC-LICQ cannot be replaced by a condition of Mangasarian—Fromovitz
type (counterexample of Proposition .

e Numerical confirmation of the counterexamples (Section , and experiments with the
193 instances of the MacMPEC collection (Section , in which Algorithm 3 certified
more solutions than Algencan [I], [11] applied to the nonlinear programming reformulation
and the regularization method of Scholtes [33]. In the 191 problems used by Nurkanovié
and Leyffer [30], the success rate of Algorithm 3 was 97.4%, while the highest success
rate reported in [30], obtained by MPECopt, was 94.24%.

e Experiments with cardinality-constrained portfolios and sparse principal component analy-
sis (Section . In these problems, the constraint-preserving swaps improved the original
swaps. In most problems, Algorithm [5}3 also found better points than Algencan and the
regularization method of Scholtes, applied to the complementarity-type reformulation of
[12]. In sparse principal component analysis, it also found better points than the truncated
power method of [34].

Section [2| gives an overview of the paper, and Section [3| describes the problem and the
stationarity concepts. Section [4] presents the augmented Lagrangian method with telescopic
subproblems, its convergence when the penalty parameters remain bounded, the counterexample,
and the properties of the limit points when the penalty parameters are unbounded. Constraint-
preserving swaps are introduced in Section |5 and the augmented Lagrangian method that uses
them is defined in Section [5.2] Section [6] contains its convergence analysis and shows that



the modification is necessary and that MPEC-LICQ cannot be replaced by MPEC-MFCQ.
Numerical experiments are reported in Section [7} and conclusions are given in Section

Notation. Throughout the paper, || - || is the Euclidean norm, || - ||o is the sup norm and, for
a vector v, |[v[|o is the number of non-null entries of v. For ¢ € R, (¢t)+ = max{0,t}, applied
componentwise to vectors. Po denotes the Euclidean projection onto a closed convex set C,
Tc () is the (Bouligand) tangent cone of a set C at x € C, and e*” (or €V) is the canonical vector
associated with the variable z;, (or x,). For a differentiable function ¢, 0,¢(z) = 0¢(z)/0x,

(or Qi pp(x) = 0p(x)/0x; ).

2  Overview
We consider the problem
Minimize f(x) subject to h(z) =0, c(z) <0, z € £, (2)

where f, h and ¢ are smooth and 2 is defined by bounds on the variables and by partitioned
cardinality constraints. This means that the variables are divided into blocks and, in each block,
at most a given number of variables are allowed to be non-null. Complementarity constraints
0 <y L z >0 are a particular case of partitioned cardinality constraints, in which each pair
(yi, zi) is a block with at most one non-null variable. Binary variables are also a particular case
of partitioned cardinality constraints (Section .

In [8] we considered problem without the constraints h(x) = 0 and ¢(x) < 0, and we
introduced the Telescopic Method. For this purpose, the set Q is divided into faces. Each face
is defined by the variables that are allowed to be non-null on it and is a box. The Telescopic
Method alternates iterations of a bound-constrained algorithm on the current face with swaps,
in which a variable of the face leaves it (it is set to zero) and a variable outside the face enters
it, moving away from zero along a one-dimensional search. A swap is accepted if it decreases f
sufficiently, and then the method continues on the new face. Every limit point of the sequence
generated by the method is B-stationary, without constraint qualifications.

To handle the additional constraints, it is natural to use an augmented Lagrangian method,
as Algencan [II, [11], in which the constraints h(xz) = 0 and ¢(z) < 0 are penalized and the set 2
is kept in the subproblems. At each outer iteration, the subproblem (minimization of the aug-
mented Lagrangian on ) is solved by the Telescopic Method. We will show that, if the penalty
parameters remain bounded, every limit point is B-stationary, without constraint qualifications
(Section . However, if the penalty parameters tend to infinity, the limit points may fail to be
B-stationary, even if every subproblem is solved exactly (counterexample of Proposition 4.4)).
The reason is that a swap could move the point to places where the constraints have different
values than the ones at the current point, in such a way that, due to a large penalty parameter,
a promising swap could be rejected, in spite of having decreased the objective function. When
the penalty parameters tend to infinity and the stopping criterion of the subproblems also looks
outside the current face, the feasible limit points are M-stationary for MPCCs under MPEC-
LICQ (Section , but not necessarily B-stationary. Moreover, in this case, every limit point
is stationary for the minimization of the infeasibility measure ||h(z)||? + ||c(z)]|? on a face of
Q (Proposition . In particular, this necessarily occurs if the feasible set is empty.

In order to remedy the inconvenience described above, we introduce constraint-preserving
swaps (Section . In a constraint-preserving swap, the leaving variable is set to zero and the
entering variable is moved away from zero by a backtracking search on its value. For each
trial value, the other free variables of the face are corrected by a Newton-type method, so that



the resulting point w satisfies h(w) ~ h(z*). If L; is the augmented Lagrangian of the k-th
subproblem and h(w) = h(z"*), then

Li(w) = Ly(a*) = f(w) — f(a")

for all values of the penalty parameter and of the multipliers. Therefore, decreases of L along
such swaps correspond to decreases of f, and the acceptance of promising swaps is not impaired
by large penalty parameters. We will prove that, under a linear independence constraint qual-
ification at the limit point, the correction is well defined and small. Then the analysis of the
Telescopic Method can be repeated with the Lagrangian of problem in the place of L. With
this modification, every feasible limit point at which this constraint qualification holds is B-
stationary, even if the penalty parameters tend to infinity (Sections and @ The stationarity
of the infeasible limit points for the infeasibility measure (Proposition is also preserved.
Finally, we show that the constraint-preserving swap is necessary and that the constraint qual-
ification cannot be weakened to a Mangasarian—Fromovitz type condition (Section .

3 Problem and stationarity

We consider problem , where f: R" - R, h: R" - R™, ¢: R" — R, and 2 is defined by
bounds and partitioned cardinality constraints, as follows. The vector of variables is partitioned
into disjoint blocks #,, € R™, v =1,...,N, with ny + --- + ny = n, and we write x;, for the
i-th variable of block v and z,, v = 1,...,n, when the block structure is not needed. Given a
box B = [a,b] and integers p, € {1,...,n,},

Q={zeB|||Z)o<p,, v=1,...,N},

that is, at most p, variables of block v may be non-null. We denote by N, = {v | p, < n,}
the set of blocks in which the cardinality constraint is effective. Mathematical programs with
complementarity constraints (MPCCs) are an important particular case, which we use in the
examples and in the experiments, in which every v € N, is a complementarity pair, with n, = 2,
p, = 1 and d, = 0. Problem also includes binary variables, because z; € {0,1} is equivalent
to x;+2; = 1, where Z; is an additional variable and (z;,Z;) is a complementarity pair, that is,
a block with n, = 2 and p, = 1, with bounds [0, 2] for both variables. (With the bounds [0, 1],
the variable that is equal to one would be at its upper bound, and PCC-LICQ), defined below,
would fail at every feasible point.) All the results of this paper apply to this reformulation.

Writing c¢(z) + s = 0 with slack variables s € [0, spax], Where Spax > maxzes ||(—c(2))+||oos
problem becomes a problem of the same form with equality constraints only, in which the
slacks form an additional block v with p, = n,, so that v ¢ N.. Its feasible set is the graph
of x — —c(z) on the feasible set of , so that B-stationarity is preserved, and so are the
constraint qualifications (see the comment after Definition . Therefore, except in Section
where the inequality constraints are handled directly by the augmented Lagrangian method, as
in Algencan, we consider

Minimize f(x) subject to h(z) =0, x € Q, (3)

where, with some abuse of notation, x includes the slack variables, h : R — R™ includes the
constraints ¢(z) + s = 0, and we denote by X = {z € Q | h(x) = 0} its feasible set. We denote
by J(x) € R™*™ the Jacobian of h, by J,(z) its v-th column and, for S C {1,...,n}, by Js(z)
the submatrix formed by the columns with indices in S.



We now define the faces of 2 and the projected derivatives. A face indexr is an N-tuple
I =(I,...,In) such that I, C {1,...,n,} and #I, = p, for all v. The corresponding face is
the box
Fr={x€B|z;;, =0 whenever i ¢ I,, v=1,...,N},

and € is the union of the finitely many faces. For a continuously differentiable function ¢, z € B,

v=1,...,Nand ¢=1,...,n,, the projected derivative is
9¢

05005) = P (310 = gpnt@)) =i @)
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which vanishes if and only if x; , satisfies the first-order condition for minimizing ¢ with respect
to @ € [aiw, biy], the other variables being fixed. For x € F7, the projected gradient Pp, (z —
V¢(x)) — x is the vector g?(:c) € R™ with components gfy(x) if i € I, and 0 otherwise.

We use the stationarity concept of [§], given in Definition By Proposition it is
equivalent to B-stationarity on 2. Assumption [I] stated after that proposition, is used in the
rest of the paper.

Definition 3.1. A point z* € Q is stationary for the minimization of ¢ on  if, for all v =
1,...,N,
25, #0 = ¢ (a*) =0, i=1,...,mn, (5)

and
1Z5 o <py = gf,(a*) =0foralli=1,... n,. (6)
Condition concerns the non-null variables, whereas condition @ says that, if a block has
room for one more non-null variable, then no variable of the block can decrease ¢ by moving
away from zero. In the complementarity case, if both components of a pair vanish, @ says that
both partial derivatives are non-negative.

Proposition 3.2. A point x* € Q is stationary for the minimization of ¢ on Q if and only if
Vo(x*)'d > 0 for all d € To(z*).

Proof. See Proposition 2.3 of [§], with ¢ in the place of f. O

Assumption 1. For all v, a, < b, and, if v is in a block v € N, also a, < 0 < b, and a, < b,.
The box B is bounded. The functions f and h are continuously differentiable on an open set
containing B, and V f and J are Lipschitz continuous on B.

The constraint qualification of our main result involves the set of free variables at x* € B,
F@*)={ve{l,....,n}|ay <z < by, and z, # 0 if v belongs to a block v € A }.
Definition 3.3. We say that PCC-LICQ holds at z* € X if the matrix Jr(,«)(2*) has rank m.

For example, let N =1, n =5, p; = 3, m = 2, and 2* = (4,0,0,2,0)7, with a, < 2} < b,
for v = 1,4. Although the block admits one more non-null variable, the faces that contain x*
differ in the variable that they allow to move, and only x; and z4 are free in all of them. Thus
F(z*) = {1,4}, and PCC-LICQ holds if and only if Vhy(x*), Vha(z*), €2, €3, and €® are linearly
independent. This choice of F(z*) is what the proof of Proposition requires, and it agrees
with the convention of MPEC-LICQ (see below). In a block v ¢ N, such as the block of slacks,
a variable is free if it is strictly between its bounds. If F(z*) = ), then PCC-LICQ holds only
if m=0.



For problem , written with slack variables, the slack of an inactive inequality constraint is
a free variable, and the slack of an active one is at its lower bound. The column of the slack s; in
the Jacobian of the constraints is the canonical vector of the row of ¢;, and it belongs to Jz(,)
exactly when ¢; is inactive. Therefore, PCC-LICQ is equivalent to the linear independence of
the vectors of partial derivatives, with respect to the free components of x, of hy,..., h,, and
of the active inequality constraints ¢; of . Equivalently, the gradients of hq,...,hy, and of
the active ¢;, together with the canonical vectors e¥ of the components v of x that are not free,
are linearly independent. Each variable that is not free contributes a single canonical vector,
even if it is null and at a bound at the same time. In the MPCC case, a null component of a
complementarity pair is at its lower bound, so that F(z*) is the set of variables that are strictly
between their bounds, and PCC-LICQ says that the gradients of hy, ..., h,, and the canonical
vectors of the variables at a bound are linearly independent. This is the usual MPEC-LICQ),
that is, the LICQ of the nonlinear program in which the null components of the pairs are fixed at
zero (the tightened nonlinear program of [32]), when the bounds are considered as constraints.
In this case we keep the name MPEC-LICQ.

Proposition[3.4 below relates the two stationarity concepts used in this paper. A point z* € X
is B-stationary for (3)) if Vf(2*)7d > 0 for alld € Tx (z*). For A € R™, let £y(x) = f(z)+ATh(z).
By Proposition x* is stationary for the minimization of £y on €2 (Deﬁnition if and only if
Vi (z*)Td > 0 for all d € To(z*). The second concept is the one that the methods of this paper
can reach, because the constraints h(x) = 0 are penalized and only (2 is kept in the subproblems.

Proposition 3.4. Let Assumption[1] hold and z* € X.

1. If there exists A € R™ such that x* is stationary for the minimization of £y on €2, then x*
is B-stationary for @

2. If PCC-LICQ holds at x* and x* is B-stationary for (@, then there exists a unique \* € R™
such that x* s stationary for the minimization of £x« on 2. Moreover, \* is the unique

solution of Vrf(x*) + Jr(z*)T'A = 0, where F = F(x*).

Proof. Item 1. Let d € Tx(z*), and let t; | 0 and & — d be such that z* + t;d € X.
Since X C Q, d € Tq(z*) and, since h(z* + t;d’) = h(z*) = 0, J(z*)d = 0. Therefore,
V(") Td = Viy(x*)Td > 0.

Item 2. Let Z(z*) be the set of face indices I such that z* € Fr and, for I € Z(z*), let
Xr=Frn{z | h(z) =0} C X. Since Ty, (z*) C Tx (2*), «* is B-stationary for the minimization
of f on X;. The constraints of this problem are h(x) = 0 and the bounds of the box F7, and the
variables that are strictly inside the bounds of F; at z* include those of F, because a variable
x, with v € F that belongs to a block of A, is non-null at z* and, therefore, is not fixed at zero
in F7. Thus, PCC-LICQ implies the LICQ for this problem at x* and, therefore, B-stationarity
implies the KKT conditions, that is, there exists A’ such that g?l (z*) = 0. Since, for every
v € F, the variable x, is not fixed at zero in any face F; with I € Z(z*) and a, < x} < by,
we have that 9¢,:(z*)/0z, = 0. Hence, V£ f(z*) + Jr(x*)T A = 0 and, since Jz(z*) has rank
m, M = \* for all I € Z(x*). Thus, g?* (x*) = 0 for all I € Z(z*) which, as in the proof of
Proposition 2.3 of [§], is equivalent to the stationarity of z* for the minimization of £« on €.
Uniqueness follows from the same argument. O

In the MPCC case, stationarity of * for the minimization of £y« on {2 means the following.
For the variables that are not null components of complementarity pairs, the partial derivatives
of £y« at z* satisfy the usual sign conditions at the bounds. There is no condition on the
derivative with respect to a null component whose partner is non-null, and both derivatives are
non-negative for a biactive pair. This is S-stationarity [32].



4 Augmented Lagrangian method with telescopic subproblems

In this section we consider problem , in which, besides z € 2, there are general equality and
inequality constraints h(z) = 0 and ¢(x) < 0. A natural way of handling this problem is the aug-
mented Lagrangian method of Algencan [I, [I1], in which the constraints hA(z) = 0 and ¢(z) < 0
are penalized, while z €  (the bounds and the partitioned cardinality constraints) is kept in
the subproblems, which are solved by the Telescopic Method. We call it the straightforward
method. We prove that, if the penalty parameters remain bounded, every limit point of the
sequence generated by the straightforward method is B-stationary, without constraint qualifica-
tions (Theorem [4.3)). However, if the penalty parameters tend to infinity, the limit points may
fail to be B-stationary, even if every subproblem is solved exactly (counterexample of Proposi-
tion illustrated numerically at the end of Section . In this case, we show in Section
that the infeasible limit points are stationary for the infeasibility measure on a face and that, in
the MPCC case, the feasible limit points at which MPEC-LICQ holds are M-stationary. This is
why, in Section we introduce a less obvious method, in which the swaps of the Telescopic
Method are replaced by constraint-preserving swaps (Section |5]).

4.1 The Telescopic Method

In this subsection we summarize the Telescopic Method of [§] and the results of [§] that are used
in this paper. The method minimizes a function ¢ on €2, where the bounds satisfy the first part
of Assumption [I] B is bounded, and ¢ is continuously differentiable on an open set containing B,
with V¢ Lipschitz continuous on B with constant Lg. (In [8], these are Assumptions A1-A3, the
last one being the boundedness of a level set, which holds because B is bounded.) The method
alternates swaps, which change the face, with iterations of a bound-constrained algorithm on
the current face.

The swaps use a one-dimensional escaping procedure (Algorithm 3.1 of [8]). Let y € B with
¥j» = 0 and gf,u(g) # 0, and let ¢ (t) = ¢(y +te?”) for t € [aj,bj.]. Given cese > 0 and opin >
0, the procedure computes, for o = omin, 20min, 40min, - - -, the minimizer ¢t = P[ajmbj’y](—w’(O)/U)
of the model 9(0) +/(0)t + ot?/2 on [a;,,b;.], and stops with ¢y, =t at the first o for which
P(t) < P(0) — qeset®. By Lemma 3.1 of [8], it stops after finitely many trials, and

Qesc

7 VY < () —0 g% (§)2 — _ Tese
(Y +touwre™) < ¢(y) —04;,(y)", where 0 max{1,0}2

and & = max{omin, L + 20tesc}-

(7)
Thus, the decrease is bounded below in terms of the projected derivative of the entering variable,
with a constant 6 that depends only on the parameters and on L.

On a face Fy, the minimization of ¢ is a bound-constrained problem, and x € Fy is a
stationary point of this problem if and only if g?(:ﬂ) = 0. An iteration of the method used on
the faces, called Algorithm MIA in [§] (Gencan in our implementation), computes a point w € Fy
from a point w € F7. Since the Telescopic Method leaves a face after one iteration of Algorithm
MIA and may return to it later at a different point, the assumptions on Algorithm MIA concern
the following sequences. A sequence {w’} C Fy is an MIA sequence with replacements if, for all
7, p(w? ) < ¢(1wt!), where @/ is computed by an iteration of Algorithm MIA from w/.

Assumption 2. (Assumptions A4-A6 of [§].) For every face F7, (i) an iteration of Algorithm
MIA from w € Fj computes w € F; with ¢(w) < ¢(w), (ii) every limit point w* of an MIA
sequence with replacements satisfies g}b(w*) = 0, and (iii) if {w’/} is an MIA sequence with
replacements and lim;ey w/ = w* for an infinite set J, then lim;e |7 — wi|| = 0.



These are natural properties of bound-constrained methods, and (iii) holds, for example, if
[ — w|| < C|lg% (w)| for some constant C.

The Telescopic Method (Algorithm 5.1 of [§]) is given § € (0,400], M € (0,+00], the
parameters of the escaping procedure, and 20 € Fjo. At iteration k, it performs a swap search
at 2% € Fji. For every v € N, every i € I¥ with |xfy| < ¢ and every j ¢ I* such that gﬁy(gj) #0,
where § = zF — xf Vei’” is ¥ with the leaving variable set to zero, the escaping procedure gives
the point w = §+t,use?”, which belongs to the face obtained from I* by replacing i with j in I¥,
and satisfies ¢p(w) < ¢(7). The best of these points and its value fpes; are kept, and the search
is interrupted as soon as fress < d(xF) — np, (brute acceptance). If fiesr < ¢(2¥), the best point
becomes 2* and its face index becomes J*. Otherwise, z¥ = 2% and J* = I*. Then 2%+ € F ),
is computed by one iteration of Algorithm MIA from z*, and I**! = J*. The analysis uses only
that 2* € Fjx and ¢(2%) < fiest. Therefore, as observed in Remark 5.1 of [§], ¥ may be the best
of several candidates improved by Algorithm MIA in their new faces (the look-ahead strategy of
our implementation), and any finite number of iterations of Algorithm MIA may be performed
on each visited face. The following lemma collects the results of [8] used in this paper.

Lemma 4.1. Let the assumptions above on B and ¢ and Assumption@ hold, and let {xk} and
{2*} be generated by the Telescopic Method applied to the minimization of ¢ on Q.

1. For all k, (a*+1) < ¢(zF) < é(a), and limy-,u[é(z*) — ¢(z4)] = 0.

2. If J* = I for all k in an infinite set K, then every limit point z* of {z*}rex belongs to Fy

¢ k k+1

and satisfies g7 (2*) = 0 and, if limpeg 2° = 2%, then limpeg 27" = 2*.

3. Every limit point of {x*} is stationary for the minimization of ¢ on Q (Definition or,
equivalently, B-stationary.

4. For every € > 0, there exists k such that the swap search at iteration k is not interrupted
by the brute acceptance test, \|9?k(xk)\|oo < e, and p(w) > ¢(xF) — & for every point w
computed in that swap search.

Proof. Ttems 1 and 2 are Lemmas 6.1, 6.2 and 6.3 of [§], item 3 is Theorem 6.4 of [§], and item 4
is Lemma 6.5 of [8]. The proof of item 3 combines items 1 and 2 with . If J¥ = I and 2% — z*
for k € K, and a block v € N, with ||Z}||o < p, had a variable z;,, j ¢ I,,, with gf’y(az*) # 0,
then, since I, contains an index ¢ with a:;ﬁ,/ =0, by , the swap z;, — x;, at zhtl (or the
brute acceptance test, if it interrupts the search first) would give ¢(z*+1) < ¢(2*+1) — ¢ for a
constant ¢ > 0 and all k£ € K large enough, contradicting item 1. O

4.2 Algorithm and convergence with bounded penalty parameters

We denote by X = {z € Q| h(z) = 0, c¢(x) < 0} the feasible set of (2)), and say that z* € X
is B-stationary for if Vf(x*)Td > 0 for all d € Tx(x*). We denote by Vh(x) and Ve(z)
the n x m and n x ¢ matrices whose columns are the gradients of the components of h and c,
respectively. For p > 0, A € R™ and u € R%, the (Powell-Hestenes—Rockafellar) augmented

Lagrangian is
2 " 2
+ H <c($) + > :
P+

In this section we use the following assumption, under which the augmented Lagrangian has
the regularity required by the Telescopic Method.

Lp(xv /\7/~L) = f(x) + g

o




Assumption 3. The bounds satisfy the first part of Assumption [1 B is bounded, and f, h
and c¢ are continuously differentiable on an open set containing B, with Lipschitz continuous
gradients on B.

Under Assumption for all p, A and p, the function L,(-, A, 1) satisfies the assumptions on ¢
of Section since t — (t)% is continuously differentiable with Lipschitz continuous derivative.
For such functions ¢, the projected derivatives gfu and g? are defined in Section We denote
by & half of the smallest absolute value of the non-null bounds a,, b, of the variables of the
blocks of N..

The following algorithm uses the safeguarded multiplier updates and the penalty parameter

update of Algencan [T, I1].

Algorithm 1 (Augmented Lagrangian with telescopic subproblems)

Let 7 € (0,1), v > 1, p1 > 0, Amin < Amaxs fmax > 0, A € [Amin, Amax]™, 75 € [0, fmax]?,
a sequence {ex} with g > 0 and limy_,o e = 0, the parameters § and n,, of the Telescopic
Method, the parameters of the escaping procedure, and z° € Q be given. Set k «+ 1.

Step 1 (Subproblem). Let Ly(x) = L,, (z, M k). Starting from 2*~!, apply the Telescopic
Method to the minimization of Lj on Q until a point ¥ € Q and a face index I* with 2% € F
are found such that

L
(a) ngf(xk)Hoo < €k

(b) no original swap decreases Ly, significantly from z*: for every v € N, i € I¥ with \xfl,\ <
§and j ¢ IF, let § = 2F — xﬁyei’” (zF with the leaving variable set to zero) and, if
gJLl’j(gj) # 0, the point w = § + toue?”, where to, is computed by the one—dimensiqnal
escaping procedure of the Telescopic Method (Section [4.1)) applied to t + Ly (y + te?),
t € [aju, bju], satisfies Lg(w) > Ly(z%) — ex;

(c) for every v € N, i € IF with \xfy\ < min{ex, &} and j ¢ IF, 0, Li(z¥)] < & or
975 ()] < e

Step 2 (Penalty parameter). Let V¥ = max{c(2*), —i*/pr} (componentwise) and M}, =
max{||h(z¥)]|oo, [[V*|loo} If k > 1 and My > 7My_1, set ppr1 = ypr. Otherwise, set ppi1 = pi.

Step 3 (Multipliers). Set
ML = XE 4 prh(ak), bt = (5 + pre(ab))

choose M1 € [Auin, Amax]™ and fF! € [0, pmax]? (for example, the projections of A*+1 and
pF*+1 onto these boxes, which are used in our implementation), set k <— k + 1, and go to Step 1.

Conditions (a) and (b) say that 2* is approximately stationary in its face (the stopping
criterion of the bound-constrained solver) and that no swap examined by the Telescopic Method
decreases L; significantly, which are the properties used in the proof of item 3 of Lemma [4.1
The practical stopping criterion of Section 5 of [§] (no swap found and (14) of [8] with tolerance
er) implies (a) and (b). Condition (c) says that, if a variable of the current face is almost null,
then either it is approximately stationary also as an interior variable, or the null variables of its
block cannot decrease L by moving away from zero. Conditions (a) and (c) together are an
approximate version, in terms of derivatives, of the stationarity of z* for the minimization of
Ly, on Q (Definition , and condition (c) is the part of @ that looks outside the current face.
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Unlike the decrease guaranteed by , which is used in (b), its tolerance does not deteriorate
when py grows. Condition (c) is not used in Theorem and it is what gives M-stationarity
when pp — oo (Section [4.4)). The following lemma shows that Step 1 is well defined, and
Theorem shows that, if the penalty parameters remain bounded, the limit points are B-
stationary.

Lemma 4.2. Let Assumption@ hold and let ¢ = L,(-, A, ) for some p > 0, X and pn > 0. Let
the Telescopic Method be applied to the minimization of ¢ on Q and let € > 0. Then, after a
finite number of iterations, the point x7 at which the swap search of the Telescopic Method is
performed satisfies (a), (b) and (c) with ¢, 2/, I’ and € in the places of Ly, z*, I* and ¢y,
respectively.

Proof. Since ¢ satisfies the assumptions on ¢ of Section the proofs of items 3 and 4 of
Lemma (Theorem 6.4 and Lemma 6.5 of [§]) apply to ¢. By the proof of item 4, (b) holds
for all j large enough. By the proof of item 3, there exist an infinite set K, a face index I and
a point z*, stationary for the minimization of ¢ on {2, such that lim;cx 2/ =z*and 7 =1
for all j € K. By the continuity of g?, (a) holds for j € K large enough. Let &; = min{e, £},
veN,i€l,and L ¢ 1,. If 27, =0, then [|Z7[[o < py, because #I, = p, and z7, , = 0 for all
¢" ¢ I,. Then, by @, gzy(x*) = 0 and, by continuity, |gZV(ij)| < ¢ for j € K large enough. If
0 < |z},| < &, then z}, is not a bound, because the non-null bounds have absolute values at
least 2. Thus, by (5), d;,¢(z*) = 0 and, by continuity, |0;,¢(z7)| < e for j € K large enough.
Finally, if |z}, > €1, then ]azgl,] > ¢ for j € K large enough, and (c¢) imposes no condition on
i. Therefore, (a), (b) and (c) hold for j € K large enough. O

Theorem 4.3. Let Assumption @ hold, and let {x*} be generated by Algomthml 1. If {px} is
bounded, then every limit point z* of {:ck} is feasible for (@ and B- statwnary Moreover, there
erist A\ € R™ and [i fo € R, with fi; = 0 whenever ¢;(z*) < 0, such that * is stationary for the

minimization of f + XN'h+ iTc on Q.

Proof. Since {p} is bounded and non-decreasing, there exist p and k; such that pp = p for
all k > ky. By Step 2, My < 7F=F10f,, for k > ky, so that h(z¥) — 0 and V¥ — 0. Since
c(z¥) < V¥, every limit point of {x*} is feasible.

Let z* be a limit point. Since the safeguarded multipliers are bounded and there are ﬁnitely
many face indices, there exist an infinite set K, A, it and a face index I such that hmke xak =a*
limpeg A¥ = X, limpeg ji¥ = i, and IF = I for all k € K. If ¢;(2*) < 0, then ¢;(z*) < ci(z )/2
for k € K large enough and, since V¥ — 0, i¥/p — 0, so that fi; = 0. Define ®(x) = L;(x, M ).

Since (x, A, ) = Lp(x, A\, ) and its gradient with respect to x are Contlnuous and B and the
safeguarding boxes are compact, L — ¢, VL — V& and, consequently, 9@ b= gl -, uniformly

on B for k € K. Moreover, there exist G and L such that, for all k > ki, ||VL(z)|| < G for all
x € B and VL is Lipschitz continuous on B with constant L. Hence (7)) holds for all the functions
Li, k > kq, with the same constant 6 = Qese/ max{1,6}2, where 6 = max{amm, L+ 2005 }-

We prove that z* is stationary for the minimization of ® on €2 in the sense of Definition
By (a) and the uniform convergence gw( *y=0forall i€ I, v=1,...,N, which, since
z* € Fy, implies condition (F). Let v € A, be such that @5 |lo < py and Iet ﬁ gé I, (for v ¢ N,
condition (6)) follows from the previous observation). As in the proof of item 3 of Lemma
there exists ¢ € I, with 27, = 0. Assume, by contradiction, that g}by( *) =k # 0, and let

7= J:k—xf’ e so that limge g g = 2*. For k € K large enough, ]a: L <9, ]g By > |kl/2,

Li(7%) < Lyp(2%) + G|ac | < Li(a*) + 0x%/8, and e, < 6x%/8. Then the pair (’L,E) is examined
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in the swap search from z* and, by , the corresponding point w satisfies
Li(w) < Li(7%) — 0x%/4 < Ly(a*) — 0x2/8 < Ly(zF) — &4,

which contradicts (b). Therefore, condition () holds and, by Proposition (applied to @),
V&(z*)Td > 0 for all d € Tq(z*).

Since h(z*) = 0, V®(z*) = Vf(z*) + Vh(z*)A + Ve(z*)i, where X = X and 4 = (i +
pc(z*))y > 0, with fi; = fi; = 0 if ¢;(2*) < 0. This proves the second statement of the theorem.
Let d € Tx(z*), and let t; | 0 and & — d be such that z* + ¢;d € X for all j. Since
X CQ, d € To(z*). Since h(z* + t;d?) = h(z*) = 0, Vh(z*)Td = 0 and, if ¢;(z*) = 0, since
ci(z* +t;d) <0, Vei(z*)Td < 0. Therefore,

Vi)Td=vVe(*) d— ATVh(*)d— > pVei(z*)Td >0,
i:ci(z*)=0

so that z* is B-stationary for . O

No constraint qualification is used in Theorem[4.3] The only property of the constraints used
in the last part of the proof is that the tangent cone of X is contained in the intersection of the
tangent cone of ) with the linearized cone of the constraints h(z) = 0 and ¢(z) < 0, which is
always true. The hypothesis of the theorem is the boundedness of the penalty parameters. For
nonlinear programming problems with general lower-level constraints, the boundedness of the
penalty parameters of Algencan was proved in [I] under the linear independence of the gradi-
ents of the active constraints, a second-order condition, and the assumption that the Lagrange
multipliers lie in the interior of the safeguarding boxes. Whether similar conditions guarantee
the boundedness of {px} in Algorithm 1, in which the lower-level set ) is not convex, is an
open question.

4.3 Unbounded penalty parameters: a counterexample

We first describe the mechanism of the failure. B-stationarity with respect to 2 is not a closed
condition. At an iterate zF at which a complementarity pair has one non-null component, the
stationarity condition says nothing about the derivative with respect to the null component,
but at the limit point both components may vanish, and B-stationarity then requires the corre-
sponding partial derivative (of the Lagrangian) to be non-negative. In the Telescopic Method,
this is taken care of by the swaps, in which the non-null component is set to zero and the null
one is moved away from zero by a one-dimensional procedure whose decrease is bounded below
by 0¢?, where g is the projected derivative of the entering variable. For equality constraints
only, the augmented Lagrangian is
12
h(z) + s
Pk
and both parts of a swap are penalized. Setting a variable x; to zero changes h by O(|z|),
which costs O(pk.x?) in the penalty term. Moreover, the constant 6 deteriorates as p grows,
because the curvature of Ly along the entering variable contains the term pg(0h/0z;)%. In the
counterexample below, the cost of the first part of the swap tends to infinity.

When pr — o0, the argument of the proof of Theorem breaks down. The Lipschitz
constants of VL grow with pg, so that the constant 6 of tends to zero, and the difference
Li(7*) — Ly (2*), which involves the penalty of the (possibly infeasible) point 7*, need not tend
to zero. The following example shows that, in this case, the limit points of Algorithm [4]1 may
fail to be B-stationary, even if every subproblem is solved exactly.

Li(z) = f(z) + 2%

9
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Example 1. Let n = 3, N = 2, 1 = (x1,22) with py = 1, ¥ = x3 with ps = 1 (so that
N, ={1}), B=10,2] x [0,1] x [0,2], ¢ =0 (no inequality constraints), and

2 2 4 2
Tro X T x (1 — x3)
fo=-5-F+5+ hMo="g +mi )

Since h(x) = 0 with > 0 implies 1 = z3 and zoz3 = 0, and z129 = 0 in €2, the feasible set
is X ={(¢,0,7) | t € [0,2]} U{(0,2,0) | ¢t € [0,1]}, and the global minimizer is (0,1,0), with
f = —1/2. In the iterations of Algorithm 17 Li(z) = f(x) + Xh(x) + prh(z)?/2 up to an

additive constant.

PropositioP 4.4. Consider problgm (@ with the data and Algorithm .Z with Apin < 0 <
Amax < 00, AL € [0, Amax], p1 > 4, M1 = P[)\miny)\max]<)\k+1)7 and arbitrary T, 7y, §, mpr and {eg}.
For each k, let s be the unique solution in (0,1) of

6 2

< PkS 1+s
ey 22— 9
9 52 ) ()

and let 2% = (sp + 53,0, s1) and I¥ = ({1}, {1}). Then:

1. 2% is a strict local minimizer of Ly on Q and satisfies (a), (b) and (c) with e = 0.

Moreover, condition (b) holds trivially, because no swap is a candidate (gjLﬁ (y) =0 for the
only possible swap).

2. limy_yo0 pr, = 00 and limy_,o0 2% = 2* = 0, which is feasible.
3. x* is not B-stationary for (@

Proof. For all k, \¥ € [0, Apax] and pi > p1 > 4. Indeed, {px} is non-decreasing and, if \¥ > 0,
then, as shown below, A¥t1 = M 4 pph(2F) = (1+57)/s7 > 0, so that AFHL = min{\*1 A0} €
(0, Amax)- The left-hand side of @ is increasing and the right-hand side is decreasing in s > 0, the
right-hand side tends to +0o when s — 0, and at s = 1 the left-hand side, \*+ py, /2 > 2, is larger
than the right-hand side. Thus, s; € (0,1) is well defined and z* € Fy, with 0 < 2}, 2% < 2.

Item 1. Let s = s;. Then z¥ — 2% = 3, h(2¥) = s°/2 and, by @, ii= AF + pph(ak) =
(1+s%)/s%. Since VLi(z) = Vf(x) + (N + pph(z))Vh(z), with Vf(z) = (—z1, —1/2, 23+ 23)T
and Vh(z) = (z1—x3, 22, — (21 —3) +22223)T, we have that ALy (2%)/0x1 = —(s+53)+ s> = 0
and 0Ly (2*)/0x3 = s + s3 — is®> = 0. Since z} and 2% are strictly between their bounds,
gIL,f (z¥) = 0, so (a) holds. In a neighborhood of z*, z; > 0 and, therefore, Q coincides with
Fpe = {x € B| x5 = 0}. The Hessian of L, with respect to (1,z3) at ¥ is

- - % 3 1+ s?
(P—Pl p+1i332)7 where P =4 Spps® > o= =1

Its determinant is 3s2P — 1 — 3s% > 382ﬂ —1-3s2=2and P-1 > l/s2 > 0, so it is
positive definite and z* is a strict local minimizer of Lj on Q. In the swap search from z¥, the
only possibility is i = 1, j = 2 in block v = 1, with § = (0,0, s) and h(y) = s*/2. By @,
prst/2 = (14 s%)/s* — N\F/s? and, since \¥ < i = (1 + s2)/s2,

OLy , 1 (< pes?) o 1 1+ (1 1 )
8x2(y) 2+<A+ 5 )¢ st A g5 )z5+1+s>0

Since g2 = 0 is the lower bound of s, gi *(y) = 0. Therefore, no point w is computed in (b),
and (b) holds trivially. Condition (c) also holds, because 0Ly (z*)/dz1 = 0.
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Item 2. Assume that {pi} is bounded. Then there exist p and k; such that p, = p and
h(zF) < rh(z*71) for all k > ki. Thus, s$/2 = h(z*) — 0 and, by @, M ph(ak) =
1+ s%)/sz — 00, which contradicts \* < A\pax. Therefore, p — 0o. Since ¥ > 0 and s, < 1,
agb implies that pys?/2 < 2/s2, i.e., sg < (4/p)"/® — 0. Hence, 2* — 0, and R(0) = 0.

Item 3. For all t € [0,1], (0,£,0) € X. Thus, € = (0,1,0)7 € Tx(0) and Vf(0)Te? =
-1/2 <0. O

At the limit point of this example, VA(0) = 0, so that no constraint qualification holds.
In Section we show that the method may also fail under MPEC-LICQ, with the quadratic
penalty method (counterexample of Proposition or with inexact solutions of the subproblems
(counterexample of Proposition . It may fail even with exact solutions of the subproblems
and multipliers in the interior of the safeguarding box (counterexample of Proposition .

Thus, the iterates of Algorithm 1 may be strict local minimizers of the subproblems,
which are B-stationary for the subproblems and are accepted by the Telescopic Method with
any tolerance, and yet converge to a point that is not B-stationary for . (Whether the
Telescopic Method started at z*~! actually returns the point z* of Proposition depends on
the algorithm that it uses for the iterations within a face, called Algorithm MIA in [§]. In [§],
Algorithm MIA is the bound-constrained solver Gencan [10, [I1], and the numerical results below
show that, with Gencan, it does.) The same conclusion holds without safeguards (Apax = +00,
i.e., AMFL = N\F1) | Indeed, if p, = p for k > kp, then M1 = M 4 ph(2F)) so that {\*} is
bounded, because {h(z*)} converges to zero linearly, and the contradiction of Item 2 follows
as before. Since no swap is a candidate in (b), the look-ahead strategy of Section does not
change the iterates either.

In the example, the multiplier estimates A*+1 = (1 + s2)/st tend to infinity. In nonlinear
programming, in the absence of constraint qualifications, augmented Lagrangian methods are
known to generate sequences that satisfy sequential (approximate) optimality conditions, which
hold at every local minimizer but are weaker than the KKT conditions [I1]. Here, each z*
is exactly B-stationary for the minimization of f 4+ A**1h on Q (by Item 1, since VL (2*) =
Vf(xF) + N1V (2F)) and h(z¥) — 0, but the limit point is not B-stationary. As described at
the beginning of this subsection, the swap that would detect the descent along x2 passes through
the point ¥, which is far from feasible (h(y*) = s2/2, whereas h(z*) = s$/2), and its penalty
grows with pg, since Ly (%) — Li(z%) > pr[h(5%)? — h(2%)?]/2 = prsi(1 — s§)/8.

To illustrate this behavior numerically, we applied Algorithm 1 to problem with the
data (8)), using the parameters of Algencan (7 = 0.5, v = 10, Amin = —10%°, Apax = 10%0),
A =0, pp = 10, and 2° = (1,0,0.9). The subproblems were solved by our implementation
of the Telescopic Method with Gencan, exact second derivatives and the default parameters
of Section 7 of [§] (in particular, ¢ = 1078, § = n,, = 400, and look-ahead), started at ¥~
Table [I] shows the results of the first 40 iterations. Every subproblem ended at an approximately
B-stationary point of the subproblem, with no swaps, and xé“ = 0 for all k. The iterates coincide,
to about six significant digits, with the points of Proposition [£.4] computed independently by
solving @) with the same updates of A\¥ and pj,. The last two columns show that the swap that
would lead to the global minimizer becomes increasingly unprofitable. Its first step (setting z; to
zero) increases Ly, by an amount that grows with p, and at 7* the derivative of Lj with respect
to @9 is positive, so that xo is not a candidate to enter the face. With a feasibility tolerance
of 1078, an implementation of the augmented Lagrangian method would stop at iteration 21,
at 2! &~ (0.049,0,0.049), with f(2?!) ~ —4.3 x 1075, whereas f(0,1,0) = —1/2. Computing
the points of Proposition [£.4] with the same updates in 120-digit arithmetic, we verified that the
same behavior persists up to iteration 80, with pgg = 10%0, 280 ~ (9.5 x 1076,0,9.5 x 107),
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Lgo(7%°) — Lgo(2®) ~ 1.0 x 10 and 0Lgo(7%°)/0x2 ~ 4.1 x 1019, and that the conclusions are
the same with A\ .x = 10.

k- p NF af af  h(aF) f(@®) Li(y") — Ly (2F) OLk(y")/0xo
1 107 0 1.556e0 8.784c-1 2.3e-1 —6.8¢-1 1.7¢0 2.5¢0
2 10! 2.30e0 1.079¢0 7.143e-1 6.6e-2 —2.6e-1 1.3e0 2.0e0
4 10 3.35¢0 6.863e-1 5.340e-1 1.2¢-2 —7.3e-2 1.7¢0 4.5¢0
8 10 8.45e0 3.27le-1 3.00le-1 3.7e-4 —6.4e-3 1.lel 4.1el
12 105 2.46el 1.736e-1 1.688e-1 1.2¢-5 —6.2e-4 1.0e2 4.1€2
16 108 7.55¢l 9.575¢-2 9.490e-2 3.7e-7 —6.1e-5 1.0e3 4.1¢3
20 10'° 2.37¢2 5.352e-2 5.336e-2 1.2¢-8 —6.1e-6 1.0e4 4.1ed
21 10'0 3.52¢2 4.897c-2 4.885¢-2 6.8¢-9 —4.3¢-6 7.1e3 2.8¢4
24 10'2 7.46e2 3.004e-2 3.00le-2 3.7e-10 —6.1e-7 1.0e5 4.1eb
28 10 2.36e3 1.688¢-2 1.688¢-2 1.2¢-11 —6.1e-8 1.0e6 4.1¢6
32 10'6 7.45e3 9.491e-3 9.490e-3 3.7e-13 —6.1e-9 1.0e7 4.1e7
36 10'® 2.36e4 5.337c-3 5.336e-3 1.2¢-14 —6.1e-10 1.0e8 4.1¢8
40 1020 7.45e4 3.00le-3 3.00le-3 3.7e-16 —6.1e-11 1.0e9 4.1€9

Table 1: Augmented Lagrangian method with telescopic subproblems applied to problem
with the data . In all the iterations, 33’5 = 0, the Telescopic Method performed no swaps, and
—k k

y — (O, 0, :133).

4.4 Unbounded penalty parameters: properties of the limit points

When the penalty parameters tend to infinity, Theorem does not apply, and the coun-
terexample of Section [£-3] shows that the feasible limit points of Algorithm 1 need not be
B-stationary. In this subsection we show what can be said in this case. Infeasible limit points
are stationary for the infeasibility measure on a face (Proposition . Feasible limit points at
which PCC-LICQ holds are KKT points of the branch problem defined by a face and satisfy an
additional condition, given by condition (c) of Algorithm 1, which, in the MPCC case, means
M-stationarity (Theorem and Corollary . Proposition shows that, without condition
(c), the limit points may be A-stationary and not M-stationary.

Augmented Lagrangian methods applied to MPCCs written as nonlinear programs converge,
under MPCC-tailored constraint qualifications, to C-stationary points [20, 4]. M-stationarity
has been obtained with second-order information in the subproblems [5] and, with first-order
methods, by keeping the complementarity constraints in the subproblems [18, 21, 2]. In [2],
the subproblems of the method of [I8] are solved up to approximate M-stationarity, measured
with the limiting normal cone of the complementarity set at the current iterate, and the feasible
limit points are M-stationary under constraint qualifications weaker than MPEC-LICQ. For
cardinality constraints, an augmented Lagrangian method that keeps the cardinality constraints
in the subproblems was analyzed in [23]. Algorithm 1 also keeps the complementarity (and,
in general, the cardinality) constraints in the subproblems. Conditions (a) and (b) alone do not
imply approximate M-stationarity of the subproblems, because (a) concerns only the current
face and the decrease guaranteed by the escaping procedure in (b), given by , is of order
1/p?, since the Lipschitz constant of V Ly grows like pg. Condition (c) fills this gap.

Let U(z) = % (||[h(2)[|> + [lc(2)+|?) be the infeasibility measure.

Proposition 4.5. Let Assumption @ hold and let {x*} be generated by Algorithm .1. If {px}
is bounded, every limit point is feasible. If pr, — 00, limper 2% = 2* and I* =1 for all k € K,
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then g}I’(fL‘*) =0, that is, x* is stationary for the minimization of the infeasibility measure W on
the face FT.

Proof. If {pr} is bounded, the feasibility of the limit points follows as in the first paragraph of
the proof of Theorem {4.3, which only uses Step 2. Assume that py — oo, and let ®p = Ly /py,
so that - L
Vo (z) = Vilz) + Vh(z) (h(:c) + A) + Ve(z) <c(x) + M)
Pk Pk Pk /) 4

Since the safeguarded multipliers are bounded and f, h and ¢ are continuously differentiable on
the compact set B, V®; — V¥ uniformly on B. Since, for an interval [a, ], = € [a,b] and d € R,
|Pg.1j(z — td) — 2| is non-decreasing in ¢ > 0, taking t = 1/p, < 1 and d = OLy(2*)/0x;,, this
gives ]gg),f (zF)] < ]gZL’lj (z%)|, so that, by (a), Hg;b’c (%) |loo < ek for k € K large. By the uniform
convergence and the continuity of the projection, gy (z*) = 0. O

Proposition is the analogue, on a face, of the usual result for augmented Lagrangian
methods at infeasible limit points. We do not know whether x* is B-stationary for the mini-
mization of ¥ on ). The argument of Theorem does not apply, because, on the scale of
®y, the escaping procedure only guarantees a decrease of order 1/py, while setting the leaving
variable z; , to zero may cost a quantity of order xz ., as in Proposition

In the rest of this subsection, the inequality constraints are written with slack variables, as
in Section [3, so that ¢ = 0 and VL (2F) = Vf(z*) + J(2F)T M+ = Ve (2F).

Theorem 4.6. Let Assumption@ hold, with ¢ = 0, and let {xk} be generated by Algorithm .1.
Let x* be a feasible limit point at which PCC-LICQ holds, and let K be an infinite set and I a
face index such that limpeg 2 = 2* and I¥ = I for all k € K. Then limpeg \¥FT = \*, where
N* is the unique solution of Vxf(z*) + Jr(z*)TA = 0, with F = F(x*), and g% (z*) = 0, where
0* = Uy«, that is, * is a KKT point of the branch problem of minimizing f subject to h(zx) =
and x € Fr. Moreover, for every v € N., i € I, with z;, =0 andj ¢1,,

0 05 (x*) =0 or gfz,(:c*) =0. (10)

Proof. Let v € F. Since * € Fy and x}; # 0 if v belongs to a block of A, the variable z,, is
not fixed at zero in Fy. Since a, < z} < by, for k € K large enough z* is at distance larger
than ¢, from its bounds, so that, by (a) and (4)), |0, Li.(2*)| < €. Therefore, limpe g [V £ f(z*) +
Jr(2®)TA*1] = 0. By PCC-LICQ, Jr(z¥) has rank m for k € K large enough and Jr(2*) —
Jr(x*), so that {\¥T1},cx converges to the unique solution \* of Vzf(z*) 4+ Jr(z*)T\ = 0.
Hence, limgex VLg(2%) = V£*(2*) and, by (a) and the continuity of the projection, gt (z*) = 0.

Let v € Ne, i € I, with 2}, =0, and j ¢ I,.. If |x ,| > min{ey, &} for infinitely many k € K,

then, for these k large enough, a:k' is at distance larger than ¢, from its bounds, because the

sV
null bound, if any, is at distance |:ck | > ¢, and the non-null bounds are far from x¥ , which

tends to zero. As in the first part of the proof, |9;, Li(z*)| < & for these k, and 817,,6*( z*) = 0.
Otherwise, |z¥ | < min{e, &} for all k € K large enough and, by (c), one of the two inequalities
of (c¢) holds for infinitely many k € K. Taking limits, by the continuity of the projection, one of
the two equalities of holds. O

The penalty parameters play no role in Theorem {4.6|, which also holds when {p;} is bounded,
but then Theorem [4.3|gives B-stationarity. Condition (b) is not used in the proof. In the MPCC
case, we use the usual terminology for a feasible point z* with a multiplier A* such that the
partial derivatives of ¢* satisfy the sign conditions at the bounds for all the variables that are
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not null components of complementarity pairs. There is no condition on a null component
whose partner is non-null. For a biactive pair (x4, xp), * is A-stationary if 0o€*(x*) > 0 or
l*(x*) > 0, and M-stationary if both derivatives are non-negative or one of them is null. For
partitioned cardinality constraints, is the natural extension of M-stationarity. It is stronger
than the M-stationarity of the complementarity reformulation of cardinality constraints [12, 23],
which only requires the derivatives with respect to the non-null variables to vanish.

Corollary 4.7. In the MPCC case, under the assumptions of Theorem[[.6, x* is M-stationary
with multiplier \*.

Proof. For the variables that are not null components of pairs, the sign conditions follow from
g% (z*) = 0, because these variables are not fixed at zero in Fy. Let (z4,2;) be a biactive pair
with a € I, and b ¢ I,,. Since z¥ = 0 is the lower bound of z,, g% (z*) = 0 gives 9,¢*(z*) > 0.
By , either 9,0*(z*) = 0 or g (z*) = 0, which means 9,¢*(z*) > 0. In both cases, the pair
satisfies the condition of M-stationarity. O

In Example 1, VA(0) = 0, so that PCC-LICQ fails at z* = 0 and A**! — co. At the limit
points of the counterexamples of Propositions and (Section, which satisfy MPEC-
LICQ, A* = 0 and the derivatives of £* with respect to the biactive pair are 0 and —1/4, so that
these points are M-stationary, as stated by Corollary .7, but not S-stationary. The following
proposition shows that, without condition (c), the feasible limit points of Algorithm 1 may
be A-stationary and not M-stationary, even under MPEC-LICQ and with the multipliers in the
interior of the safeguarding box.

Proposition 4.8. Let n = 3, let (x1,x2) be a complementarity pair, let x3 form a block without
cardinality constraints, B = [0,1]> x [-1,1], h(z) = x3 — 22, and f(z) = 1 — 22 + 23/2.
Consider Algorithm .Z without condition (c), with T = 1/2, v = 10, p1 > 10, Apin = —1,
Amax = 1, AL =1, MFF1 = P[)\mm,)\max]()\k*l), arbitrary 6 and ny;, and e, = 1/k. For k > 1, let
xF = (0,0, s1,), where s, = (1/(2k) — \¥)/pr., and let I* be the face index in which x1 is not fived
at zero. Then x* satisfies conditions (a) and (b) of Algorithm .1, AL = Nk — 1/(2k) — 0,
which belongs to the interior of the safequarding box, p, — oo, and x* — 0, which satisfies
MPEC-LICQ and is A-stationary, but not M-stationary.

Proof. For k=1, 51 = —1/(2p1) and A2 = A +p1s1 = 1/2. If \¥ = 1/(2(k —1)) for some k > 2,
then h(zF) = s, = —1/(2k(k — 1)p;) and A1 = XF 4 prsp = 1/(2k), so that, by induction,
ML = \r+l — 1/(2k) for all k. Moreover, |sp| < 1/(2p1) < 1.

Condition (a). Since ¥ = 0 and 0;Li(2F) = 1, glL’“(xk) = 0. Also, 3L(z%) = s +
pLamE PESE = Si + A+l whose absolute value is at most 1/2 < g for k = 1 and at most
1/(2k) +1/(2k(k —1)p1) < 1/k = ¢ for k > 2. Since |g§’“(ack)| < |03Li(x%)|, (a) holds.

Penalty parameters. We have My = |sg|, [s2|/|s1] = 1/2 and [s3|/|s2| = 1/3, so that
ps = p3 = p2 = p1. For k >4, let v = |sg|/|sk—1] = (kK — 2)pg—1/(kpx). Then ry = 1/2, so that
ps = p1 and, for k > 5, if pp = pg_1, then rp = (k — 2)/k > 1/2 and pr11 = 10px, whereas, if
pr = 10p_1, then r, < 1/2 and pgy1 = pr. Hence, pp = pllowc_‘l)/2J for kK > 4, and p — oo.
In particular, p > 9k/8 for all k.

Condition (b). The only swap is 1 — =2 and, since 2§ = 0, § = 2*. The function
P(t) = Li(0,t,s;) is a quadratic with ¢”(t) = pp and ¢/(0) = —1 — A\F — ppsp = —1 — AFHL,
Therefore, for all t, 1(t) > ¥(0) — (1 4+ +12/(2p1) > Li(2%) — 9/(8pr) > Li(z*) — &, and (b)
holds.

The limit point. Clearly, ¥ — 0, which is feasible. Since F(0) = {3} and 93h = 1, MPEC-
LICQ holds at 0, and \* = —93f(0) = 0. Then 91¢*(0) = 1 and 02¢*(0) = —1, so that 0 is
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A-stationary, but not M-stationary. It is not B-stationary either, because (0,¢,t) is feasible for
t €10,1] and f(0,t,t) = —t + t2/2. O

In Proposition condition (c) fails at 2* for i = 1 and j = 2, because |01 Ly (2z*)| = 1 and
\gzL’“ (z¥)] = 1. The swap z; — xo decreases Ly by at most 9/(8py), which is smaller than ¢y
because prer — co. Thus, a decrease test with a tolerance that does not depend on pg, such as
(b), cannot replace (c).

5 Augmented Lagrangian with constraint-preserving swaps

In the Telescopic Method, a swap sets a nonzero variable of a constrained block to zero (the
leaving variable) and lets a null variable of the same block move (the entering variable). In
the augmented Lagrangian method, the swaps are applied to the minimization of Ly, and a
swap usually changes the value of h. When py, is large, the corresponding change of the penalty
term of L may hide a decrease of f, and the swap is rejected although it leads to a better
branch of the feasible set. This is what happens in the counterexample of Section and in
Proposition (see Figure. The aim of this section is to define a swap that does not change h.
A constraint-preserving swap (CPS) performs the same exchange of variables and then corrects
the other free variables of the face, so that the resulting point w satisfies h(w) = h(y), where y
is the current point. Then, Li(w) — Li(y) = f(w) — f(y) for all values of the penalty parameter
and of the multipliers, and the swap is accepted or rejected according to the variation of f
alone. The correction is computed by a Newton-type method (Algorithm 1), which, under
PCC-LICQ, converges and moves the variables by an amount proportional to the change of h
produced by the exchange (Lemma . The CPS itself is Algorithm 2. In practice, h(w) is
computed with a tolerance, and Li(w) — Ly (y) differs from f(w) — f(y) by a controlled amount
(see below). The augmented Lagrangian method that uses the constraint-preserving swaps
(Algorithm [5]3) is defined in Section

5.1 Scaled Newton restoration and constraint-preserving swaps

Algorithm 1 below solves the system h(z) = n, which, in general, has more unknowns (the
variables of S) than equations, starting from a point 2. Among its solutions, we want one close
to 20, so that the swap is changed as little as possible. Each iteration is a Newton step, in which

h is linearized at 2/ and, among the solutions Ag of Js(2/)Ag = —r/, the one that minimizes
the scaled norm Y, ¢ AZ/d% (with A, = 0 if d, = 0) is taken. The weights are the (truncated)
distances of the variables to their bounds, that is, for x € Band v =1,...,n,

dy(z) = min{1,x, — ay, by, — z,} >0,

and |dy(z) — dy(y)] < |zy — yo|- The Newton step, Ag = —DQJS(zj)TMj_lrj, is a linear
combination of the scaled gradients D?Vgh;(27), i = 1,...,m, so that the variables at their
bounds are not moved and those close to them move little. In Algorithm 2, 29 is the point
obtained from the current point y by the exchange of variables and n = h(y), so that h(w) =n
means that the swap preserves the values of the constraints. Figure [1|illustrates the iteration.

Algorithm [5l1 (Scaled Newton restoration)
Let 20 € B, S C {1,...,n}, D = diag(dy)ves with d, € [0,1], n € R™, a tolerance ¢ > 0 and a
maximum number of iterations jmax € {1,2,...} be given. For j =0,1,2,...:

Step 1. Let r/ = h(2/) —n. If ||77|| < ¢, stop and return w = 27. If j = jiayx, stop without
returning a point.
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Figure 1: Algorithm 1 with § = {1,2}, D =1, h(z) = €2 — 2}, n = 2 and 2° = (0,0). The
iterates are z! = (0,1), 22 &~ (0,0.736), 23 ~ (0,0.694), ..., and converge to w = (0,1n 2), which,
in this example, is the solution of h(z) = 1 closest to 2" (dotted circle).

Step 2. Let M; = Jg(29)D?Jg(27)T. If M; is singular, stop without returning a point.

Step 3. Define 27+ by 24" = 2 — DQJS(Zj)TMJ._lrj and 2" = 2] for v ¢ S. If 2011 ¢ B,
stop without returning a point.

The next lemma shows that, near a point * at which PCC-LICQ holds, Algorithm [5]1
behaves as Newton’s method near a regular solution. If z° is close to z* and the initial residual
|R(2°) — n|| is small, the algorithm is well defined, the iterates remain in the box, and the
residual decreases quadratically, and at least by half at each iteration. Therefore, a point w
with h(w) = n (with tolerance () is found within a number of iterations that can be computed
in advance. Moreover, w is close to 20, and the variables close to their bounds move very little.
The lemma does not assume that h(z) = n has a solution. As in Kantorovich’s theorem for
Newton’s method (see [13, Section 5.3, Theorem 5.3.1] and [31], and, for Newton’s method with
generalized inverses for systems with more unknowns than equations, [7]), the existence of a
solution follows from the nonsingularity of the matrix near z* and from the smallness of the
initial residual.

Lemma 5.1. Let Assumption |1 hold and let z* € B be such that Jr(z*) has rank m, where
F = F(z*). Then there exist r > 0, 7 € (0,1] and C > 0 with the following property. Let & € B
with ||# —z*|| <r, S C{1,...,n} with F C S, d, = dy(2) forve S, 2° € B with ||2° —2*|| < r
and 2% = &g, and n € R™ with ||h(z°) — n|| < 7. Then Algorithm @1 is well defined and, while
it does not stop, ||rit|| < C||r7||? and ||r7]| < 277||7°)|. If jmax > logs(1/C), it returns a point
w that satisfies w € B, |h(w) — 1| < ¢, w, = 20 forv ¢ S,

lwy — 20| < Cdyp(2)? |h(z°) =l forve S, and |w— 2| < C|h(z°) —nl.

The constants r, 7 and C depend only on x* and on the problem (through o, d, Lj and G,

defined in the proof), and not on &, 2° or 7.

Proof. Let o > 0 be the smallest singular value of Jr(z*), d = minge r dy (z*) > 0, L a Lipschitz
constant of J on B, and G; = max,eg||J(z)||. Let r = min{d/2,0/(6L;)}. If |z — z*| < r,
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then d, (&) > d/2 for v € F, and, if z € B and ||z — 2*|| < 3r, the smallest singular value of
Jr(z) is at least o/2. For such z, since F C S,

2 25 & v (do)’
Js(2)D*Js(2)" = " diJ, T T IF (@I = I
vES

Hence the matrix is nonsingular and the norm of its inverse is at most ¢; = (4/(do))2. The step
AJ = 23t — i satisfies, for v € S, |A)| = d%]Jv(zj)TMj_lrj\ < cod?||7?| and, since d, < 1,
|AT|| < ez||r7]], where ca = G ycy. Since J(27)AI = Js(zj)Ag = —rJ if the segment [27, 27 +1] is
contained in B, then

Lyc3
57

Let 7 = min{1,1/(2¢3),7/(2c2),1/(2c2)} and C' = max{2c,c3}. We prove by induction that,
while the algorithm does not stop, 27 € B, ||/ — z*|| < 2r, ||[77]| < 277||7°|| and |2}, — 29| <
2c9d?(1 — 279)||70| for v € S. This is true for j = 0. If it is true for j, then M; is nonsingular,
|2 = 20 < 200d2(1 — 279)[[r0)| 4 c2d227 [P0 = 2e2d2(1 — 279 )||r0]], and [2H! — 20| <

2¢a||r°|| < 7, so that |27+ —2*|| < 2r. Since 2¢9||r0|| < 1 and d,, < 1, we have that |27 — 20| <
dy, and 20 = &, is at distance at least d, = d, (&) from its bounds, so that z/*! € B and, since B
is convex, the segment [27, 27 71] is contained in B. Thus, ||/ < cs||r?||? < 3277 (|70 77| <
l77]| /2, which completes the induction. Since ||[7°|| < # < 1, the test of Step 1 holds at the latest
at the first j > log,(1/(), so the algorithm returns a point, and the bounds of the statement
follow from the induction. O

[P = [Ih(z7 + A7) = h(27) — T () A|| < 7J||NH2 <a|rl|? e =

As stated by Lemma the convergence of Algorithm [5]1 is quadratic. However, the con-
stant C' is not known, and the computable bound jmax > log,(1/¢) on the number of iterations,
which is used in Algorithm 3, comes from the linear bound ||77| < 277||r°||. Lemma also
holds, with a linear rate, for the simplified version of Algorithm [5}1 in which the matrix is not
recomputed, that is, M; is replaced by M = Jg(2)D?Js(2)T in Step 2 and Js(27) is replaced
by Js(&) in Step 3. (In Algorithm I2, Z is the point y at which the swap is performed, and
this is, up to a small regularization, the version used in our implementation, described in Sec-
tion [7.2}) In the proof, since ||& — x*|| < r, the matrix M is nonsingular with |M~!|| < ¢;, and
A < c2d2HTJH as before. Since now Jg(& )A]S = —rJ, the bound on the residual becomes

, Ly - o , . o ,
7 < S IAT I+ Lylla? = AN < (esllr || + Laeall? = 2l]) [177].

By the induction hypothesis, ||r/|| < |9 and ||z — 2| < ||z — 2| + 2¢2||7°||. Since L¢3 = 2¢s,
it follows that

[P < gl = Besl|rll + Lyea||2” — |-

Since ||2° — &|| < 2r, if r also satisfies r < 1/(12Ljcp) and 7 also satisfies # < 1/(15¢3),
then ¢ < 1/2, and the rest of the proof is unchanged. Thus the convergence is linear, with
a ratio ¢ that tends to zero when 7° tends to zero and 2" approaches # (in Algorithm l2
12° = |l < |yin| +1t). The bound jmax > logs(1/¢) and the results of Section |§| are not affected.

The constraint-preserving swap is defined as follows. Let y € Fr, v € N, i € I,, (the leaving
variable) and j ¢ I, (the entering variable, so that y;, = 0). Let J be the face index I with I,
replaced by (I, \ {i}) U{j}, and let

S ={(u,w) |u €, and Yy, # 0 or w ¢ N} \ {(¢,v)}
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be the set of indices of the variables that are not fixed at zero in Fj, other than the leaving
one, excluding the null variables of the constrained blocks (which, therefore, remain null). The
entering variable moves in a direction ¢ € {—1, 41}, which is admissible if ¢ = 1 and b;, > 0,
or ¢ =—1and a;, <0. (In the MPCC case, only ¢ = 1 is admissible.)

In words, Algorithm [5]2 starts from the swap of the Telescopic Method, in which the leaving
variable is set to zero and the entering variable is moved by a step ¢, which gives the point 2V.
This point usually changes the values of the constraints, and Algorithm[5]1 corrects it by moving
the other free variables, so that the values of the constraints at the current point are recovered.
Then, a sufficient decrease condition is tested on the merit function ®, which, in Algorithm [5]3,
is the augmented Lagrangian. If the correction fails or the decrease is not sufficient, the step of
the entering variable is halved (backtracking), which modifies 2%, and the process is repeated.

Algorithm 2 (Constraint-preserving swap, CPS)

Let y, v, %, j, J, S, and an admissible ¢ be as above, let ® be a merit function, and let ¢,,,x > 0,
tmin € (0,tmax), @ > 0, ¢ > 0 and jmax be given. Let n = h(y), d, = dy(y) for v € S, and
t = min{tmax, b} if ¢ =1 or t = min{tmax, —a;,} if ¢ = —1.

Step 1. Let 20 =y — y; ,€"” + cte?”. Apply Algorithm 1 with 20, S, D = diag(d,), n, ¢ and
Jmax. If it returns a point w and ®(w) < ®(y) — at?, stop and return w.

Step 2. Set t < t/2. If t < tmin, stop without returning a point (the swap is discarded).
Otherwise, go to Step 1.

If Algorithm2 returns a point w, then w € F; C Q, because w;, = 0, w;, = <t € [a;,bj ],
the variables fixed at zero in F7 are not moved, and the variables of S remain in the box.
Moreover, ||h(w)—h(y)|| < ¢. For the augmented Lagrangian ®(z) = f(z)+ (p/2)||h(z) +)X/p||?,

writing u = A + ph(y) and e = h(w) — h(y), we have the identity

(w) = @(y) = f(w) = f(y) +n"e+ el

) =min g a3 ) )

If the tolerance of Algorithm [5]1 satisfies ¢ < ((y), then

|®(w) — ®(y) — (f(w) — f(y))| <

Given € > 0, let

(12)

| M

Thus, up to /2, the penalty parameter and the multipliers disappear from the swap test. Note
that ((y) is computable at y. Algorithm [5]2 performs at most 1 + 10g;(¢max/tmin) restorations.

5.2 The modified augmented Lagrangian method

Algorithm [5]3 is the safeguarded augmented Lagrangian method of Algorithm (1 applied to
problem , with the same updates of the multipliers and of the penalty parameter. The only
difference is in the stopping criterion of the subproblem. Condition (b) of Step 1 concerns the
constraint-preserving swaps of Algorithm 5|2 instead of the original swaps, so that the sufficient
decrease is tested at points at which the constraints have, up to a tolerance, the same values as
at the current point. Condition (c) is not required.

Algorithm [5}3 (Augmented Lagrangian with telescopic subproblems and CPS)
Let 7 € (0,1), 7> 1, p1 > 0, Amin < Amaxs A € [Mmins Amax]™, 0 > 0, tmax > 0, @ > 0, sequences

e 4+ 0 and tyin g 4 0 with £in x < tmax, and 20 € Q be given. Set k < 1.

21



Step 1 (Subproblem). Let Lip(z) = f(x) + (pr/2)||h(x) + N\ /pi||>. Starting from zF—1,
compute z¥ € Q and a face index I* with z* € Fjx such that

(a) g7 (2%)]loo < e, and

(b) no CPS decreases Ly, significantly from 2*: for every v € A, i € I¥ with |a:fl,| <d6,j¢lIF
and admissible ¢, Algorithm 2 applied with y = 2%, ® = Ly, tmin = tmin,k» tolerance
¢ = Cu(2®) > 0, where (i(2") is with y = 2%, ¢ = ¢4, p = pr and A = \¥, and
Jmax = max{1, [logy(1/¢k(2%))]} (or any larger integer), either returns no point or returns
a point w with Ly(w) > Ly(z%) — &4

Step 2 (Penalty parameter). If k > 1 and ||h(z¥)]|ec > TI|R(z"V)]l0o, s€t pri1 = Vo1
Otherwise, set prp+1 = pk.

Step 3 (Multipliers). Set A**! = X* + p.h(2¥) and choose A1 € [Apin, Amax]™ (for example,
P m (A1) used in our implementation). Set k < k + 1 and go to Step 1.

min a>\max]

All the inner processes of Step 1 are finite. Algorithm [5}1 performs at most jmax iterations,
Algorithm 2 at most 1 + 10gy(tmax/tmin,k) restorations, condition (b) involves finitely many
swaps, and, by Lemma Step 1 is completed after finitely many iterations of the Telescopic
Method. Conditions (a) and (b) are the stopping criterion of the subproblem, and the points
w computed by Algorithm 2 in (b) serve only to test #*, and they are not used in Steps 2
and 3. If some CPS returns w with Ly(w) < Ly(z¥) — ¢, then 2¥ is not acceptable, and the
method used at Step 1 must go on (in the implementation described below, from w or from a
better candidate). Algorithm 3 is stated for problem , in which the inequality constraints are
written with slack variables, because the constraint-preserving swaps keep the values of h. In our
implementation, both methods use slack variables. With Apin = Amax = 0, Algorithm 3 is the
quadratic penalty method. Since a CPS that returns a point w satisfies Lj(w) < Ly(z*) — at?,
condition (b) says that every CPS at " that returns a point has at? < ¢;. Note that p = A\F+!
in when y = zF.

Algorithm 2 returns no point when, for every tried step ¢ > tyink, the restoration (Algo-
rithm 1) returns no point or returns a point w with Lg(w) > Ly(2*) — at?. The restoration
returns no point when Mj is singular, when an iterate leaves B, or when the tolerance is not
reached in jy.x iterations. In this case, the swap is discarded, as in a line search that does
not find a sufficient decrease, and z* passes the test (b) for this swap. By Lemma if
z* is close to a feasible point at which PCC-LICQ holds and |xfy| + t is small, the restora-
tion returns a point, and the swap is discarded only if the decrease is not sufficient. Since
Lip(w) — Li(2%) = f(w) — f(z*) by , and g — 0, condition (b) says, asymptotically, that
no CPS with a step t bounded away from zero decreases f by an amount bounded away from
zero. This is what is used in Section [6] If a limit point 2* were not B-stationary, there would
be a descent direction of f along an entering variable, and, for k large, the CPS along it with a
fixed step would return a point with a decrease larger than ey, contradicting (b). Failures of the
restoration for large steps do not affect this argument, because Algorithm [5]2 reduces ¢ down
t0 tmin,k, Which tends to zero, and therefore reaches the region in which Lemma guarantees
that the restoration returns a point.

Step 1 can be implemented by the Telescopic Method (Section applied to the mini-
mization of L on €2, with the swap search of Step 1 of that algorithm extended by the CPS.
In the notation of Section the swap search is performed at the point 3/ computed by the
last iteration of Algorithm MIA (the point 'xk of Section with j in the place of k), in the
face Fy;. For every v € N, i € I} with |yiy[ < 6, j ¢ I and admissible ¢, Algorithm 2 is
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applied with y = 3/ and ¢ = (x(y?). If it returns a point w with Lj(w) < fpest, then w becomes
the best candidate, and the face of w becomes the candidate face. The point 2/ from which
the next iteration of Algorithm MIA starts (the point z* of Section is the best candidate,
which belongs to its face and satisfies Ly(27) < fyest < Li(y?). The convergence analysis of the
Telescopic Method uses only these two properties of 2. Since Algorithm MIA starts from zJ
and does not increase Ly, the values Li(y’) do not increase, and the iterations of Algorithm
MIA performed on a fixed face behave, in the limit, as if no swaps had been performed between
them (items 1 and 2 of Lemma [4.1)). Therefore, the analysis is not affected when the CPS are
added to the swap search. (The original swaps may be kept, although they are not needed in
the analysis below.) The next lemma shows that, with this extended swap search, Step 1 is well
defined.

Lemma 5.2. Let Assumption [ hold and assume that Algorithm MIA satisfies Assumption [3.
For every k, the Telescopic Method with the extended swap search, applied to the minimization
of Ly, on ), finds after finitely many iterations a point v’ that satisfies (a) and (b).

Proof. Since B is bounded, L satisfies the assumptions on ¢ of Section [4.1] and we can repeat
the proof of Lemma 6.5 of [8], with the points returned by the CPS in addition to the points
computed by the escaping procedure in the swap search of the Telescopic Method. If, at iteration
j, the swap search is interrupted by the brute acceptance test, or a CPS returns a point w with
Li(w) < Lp(y?) —eg, then Ly (71 < Lp(27) < frest < Li(y?) —min{ny,, x }, because Algorithm
MIA does not increase Ly, (Assumption. Since {Ly(y’)} is non-increasing and bounded below,
this happens only for finitely many j. If || gILj’“ (/) |loo > € for all j large enough, the argument
of the proof of Lemma 6.5 of [§] (based on item 2 of Lemma leads to a contradiction.
Therefore, for some j, the search is not interrupted, || gILj’“ (v )loo < ek and every CPS at y’ that
returns a point returns w with Ly(w) > Li(y?) — &g, that is, 3’ satisfies (a) and (b). O

Remark 5.3. The Telescopic Method may be used at Step 1 of Algorithms[4]1 and [5|3 because
it computes, after finitely many iterations, points that satisfy conditions (a) and (b), and also
(c) in Algorithm i1 (Lemmas and [5.2). The convergence results of Sections [4] and [6] use
only these conditions, so any method that guarantees them could be used instead. However, it
is not enough to compute B-stationary points of the subproblems, because condition (b) is not a
stationarity condition for the minimization of Ly on 2, but a test on specific moves (the swaps of
the Telescopic Method in Algorithm 1 and the CPS in Algorithm 3), as the counterexample
of Proposition [4.4] shows.

6 Convergence and necessity of the modification

In this section we analyze the modified augmented Lagrangian method (Algorithm 3). In
Section [6.1] we prove that its feasible limit points at which PCC-LICQ holds are B-stationary,
whatever the behavior of the penalty parameters, and we consider infeasible limit points. In
Section [6.2| we show, by means of counterexamples, that the modification is necessary, even
under MPEC-LICQ, and that MPEC-LICQ cannot be replaced by MPEC-MFCQ.

6.1 B-stationarity of the limit points

In this subsection we prove the main result of the paper (Theorem [6.1)), state its consequence
for MPCCs (Corollary [6.2), and consider infeasible limit points (Proposition [4.5).
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Theorem 6.1. Let Assumption 1] hold, let {x*} be generated by Algorithm @.5’, and let x* be
a limit point of {x*} such that h(z*) = 0 and PCC-LICQ holds at x*. Let K be an infinite
set such that limpex 2% = x*. Then limyeg NFT1 = N*, where \* is the unique solution of
Vrf(x*)+Jr(x*) A =0, F = F(z*), and x* is stationary for the minimization of * = f+\Th
on Q. Consequently, z* is B-stationary for (@ No assumption is made on {py}.

Proof. Since there are finitely many face indices, we may assume that I¥ = I for all k € K, and
then z* € F; because FJ is closed. Let d = minyer dy(x*) > 0.

Step 1: multipliers. We have that VLg(z) = Vf(x)+J(x)T (A +prh(z)), so that VL (z%) =
Vf(z*)+J(2*)TA*L Let v € F. Then x, is not fixed at zero in Fy (either % # 0 or v belongs
to a block v ¢ MN.) and, for k € K large enough, z¥ is at distance at least d/2 from its
bounds. Since gk (2F) = [av,bv](xﬁ — Oy Li(2%)) — 2%, we have that |gi(2*)| = |0, Li(z")]
if [0, Ly (z%)| < d/2 and |gk*(2¥)| > d/2 otherwise. By (a), for k € K large enough (with
ex < d/2), |0y Li(2%)| < eg. Thus, Vrf(a*) + Jr(z®)TAHT — 0 for k € K. If {\F1} o0 were
unbounded, dividing by ||A\**1|| and taking a convergent subsequence we would obtain a unit
vector u with Jz(2*)Tu = 0, which contradicts PCC-LICQ. Therefore, {\**1},cf is bounded
and each of its limit points solves V£ f(z*) + Jr(z*)T A = 0, whose unique solution is A*. Hence,
limpe e N¥H = A%, limge e VLg(2%) = V6 (2*), and, by (a) and the continuity of the projection,
g% (z*) = 0. In particular, 9,¢*(z*) = 0 for every v such that z, is not fixed at zero in Fy and
a, < x}, < by. These indices include F and the indices of the null variables of blocks of N, that
are not fixed at zero in F; and whose bounds satisfy a, < 0 < b,.

Step 2: stationarity. Asin the proof of item 3 of Lemma gf* (z*) = 0 implies condition 1'
for ¢*, and condition @ for the blocks without cardinality constraints. Let v € N, be such that
|Z5]l0 < pv. As in the proof of item 3 of Lemma there exists ¢ € I, such that z7, = 0, and
it remains to prove that gf’*l, (z*) =0 for all j ¢ I,. Assume, by contradiction, that gf’*y(x*) #0
for some j ¢ I,. Since 27, = 0 € [ajy,bj,], this means that x = |9;,0*(*)| > 0 and that
¢ = —sign(0;,,0*(z*)) is admissible.

Step 3: the CPS returns a point with a large decrease. Let Sy be the set S defined before
Algorithm 2 for the swap (v,1,j) at y = x*, that is, the indices of the variables that may be
moved by the restoration, and let S = Si. For k € K large enough, F C S, because z7, =0
and the variables z,, v € F, that belong to blocks of A, are non-null at 2* and, hence, at z*. Let
r, 7 and C be the constants of Lemma [5.1], G’ an upper bound of ||V{*||o and of ||J| on B, and
L, a Lipschitz constant of V£* on B. Let £y be the initial value of ¢ in Algorithm 2 for (v,1,7,9),
which does not depend on k. For k € K and t € (0,to], let 2°(t) = 2* — xﬁyew + gtedV (recall
that :U;iy = 0). Then 20(t)s = ok, ||2°(¢) —2*|| < |xfiy|+t, and ||h(2°(t)) — h(z¥)|| < G’(|xﬁu|+t).
Let B

. r or K K

t = min {to, 2’ 2 m, 1604} , where C7 =1+ CG.
Let k € K be large enough so that ||z* — z*| + |a:fl,| < r/2, G|xf’y| < 7/2, and |xf,j| < 4.
Then, for all ¢t € (0,#], Lemma applies with 2 = 2, 20 = 20(t), n = h(z¥), ¢ = G(2F)
and jmax > logy(1/¢): Algorithm [5|1 returns a point w = w(t) that satisfies ||h(w) — h(z*)|| <
Ge(z¥) < en/4, w, = 2F for v ¢ SU{(i,v),(j,v)}, |w, — 2F| < Cdv(a:k)2G(]:1:ﬁV] +t) forve S,
and |jw — 2| < Cl(\xﬁy\ +1).

We have that f(w)— f(z%) = £*(w) —0*(2*) = X (h(w) — h(zF)) < 05 (w) —0*(2F) + || \*||er /4.
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By the Lipschitz continuity of V£*, £*(w) — £*(z*) < V*(2¥)T (w — 2*) + (Le/2)||w — 2%||?, and
\Wa (ack)T(w — wk) = — :Uﬁl, 81'71,6*(:616) +t0;,0" (xk)
+ Z GUE*(xk)(wv - xfj) + Z Ovﬁ*(xk)(wv - xﬁ)a

vEST vES
where S] is the set of the variables v € S such that a, < z}, < b, and So = S\ S;. The first
term is at most Glmfﬂ/ . By Step 1 and continuity, for k£ € K large, gaj’yﬁ*(xk) < —k/2 and
|00 (2%)] < wy for v € Sy, with wy — 0. If v € Sy, then 7} is at one of its bounds, so that

dy(2%) < |2k — 27| — 0. Therefore, there exists w, — 0 such that the last two sums are bounded
by w2(|xfy| +t). Using |jw — 2¥||? < 2012(|xf7u 2 ++?) and , we obtain

K
Li(w) — Lk(l'k) < _Et + w}ct + LgC%tQ + B,

where £, = (G + w,g)\xfy\ + LZC%]a;ﬁV 2+ |IN\*||lex/4 + ex/2 — 0. For k € K large enough,
wj, < k/8 and B < kt/32. Then, for all ¢ € [t/2,1], using L,C?t < k/8 and By < kt/16,
k K, K, K K 3K 9
Li(w(t)) = L") < =t + gt gt St = — Tt < —at?,
because at < af < k/16.

Step 4: contradiction. For k € K large, tmini < /2. Algorithm 2 applied with y =
x¥ tries the values tx279, ¢ = 0,1,..., while ;279 > tmin,k, and, since tg > t, one of them
belongs to [t/2,t]. Therefore, the algorithm returns a point with some ¢ > #/2, either at a value
t > ¢ or, at the latest, at the first value in [£/2,1], by Step 3. The returned point satisfies
Li(w) < Lp(2%) — at? < Li(2*) — af?/4. Since ¢, < at?/4 for k large, this contradicts (b).
Hence, gfjl,(ac*) =0 for all j ¢ I,, and z* is stationary for the minimization of ¢* on Q. By
Proposition x* is B-stationary for . O

Corollary 6.2. In the MPCC case, every limit point x* of the sequence generated by Algo-
rithm @3 such that h(z*) = 0 and MPEC-LICQ holds at x* is B-stationary and S-stationary,
with multiplier \* = limpe e AL for every infinite set K such that limpec g 2% = x*.

Remark 6.3. 1. The penalty parameters appear in the proof only through , which is
guaranteed by the computable tolerance of the restoration. The multiplier estimates
N1 converge by PCC-LICQ, independently of p;, and of the safeguarding box.

2. The scaling d,(2¥)? is what makes the variables that tend to their bounds irrelevant in
Step 3, because they are moved by O(d,(z¥)?t) and, therefore, their (possibly non-null)
partial derivatives do not spoil the decrease. Without scaling, the restoration could move
a variable that tends to a bound at which the derivative of £* is positive, or take it out of
the box. Variables of constrained blocks that tend to zero in the interior of their bounds
may be moved by O(t), but the derivative of £* with respect to them vanishes at x*.

3. The tolerance behaves like /e /pr when py is large. In floating point arithmetic it
cannot be smaller than the accuracy with which A is evaluated, and in our tests, with
e, = 1078 and p < 10%°, it is at least of the order of 10714,

4. When pj — oo, the guarantees of Algorithm 1 (without CPS) are weaker. Its feasible
limit points at which PCC-LICQ holds satisfy , that is, they are M-stationary in the
MPCC case (Theorem and Corollary , but they need not be B-stationary, even
under MPEC-LICQ and with exact solutions of the subproblems (Propositions [6.4H6.6)).
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As usual for augmented Lagrangian methods, the limit points may be infeasible. Propo-
sition (Section also holds for Algorithm 3, under Assumption [1| and without the
constraints ¢, with the same proof, which uses only Step 2 and condition (a). The constraint-
preserving swaps, which keep h constant, cannot decrease the infeasibility measure W.

6.2 Is the modification necessary? Can MPEC-LICQ be weakened?

Theorem (original swaps) requires bounded penalty parameters but no constraint qualifi-
cation, while Theorem (CPS) requires PCC-LICQ but nothing on the penalty parameters.
In this subsection we consider two questions in the MPCC case. Does the original method fail
under MPEC-LICQ? Can MPEC-LICQ be replaced by MPEC-MFCQ in Theorem [6.17 The
answer to the first question is yes, even with exact solutions of the subproblems and multipli-
ers in the interior of the safeguarding box (counterexamples of Propositions and .
The answer to the second one is no, at least with swaps in a single block (counterexample of

Proposition .

Example 2. As in Example 1 (Section [4.3)), n = 3, &1 = (21, x2) is a complementarity pair,
x3 forms a block without cardinality constraints, x; € [0,2], z2 € [0, 1], but with z3 € [-2, 2],
h(z) = 21 — x3, and f(x) = —x9/4 — 23/2 + 23/2 + 23 /4. The feasible set is X = {(¢,0,t) | t €
[0,2]} U{(0,t,0) | t € [0,1]}, and the global minimizer is (0,1,0), with f = —1/4. MPEC-LICQ
holds at every feasible point other than (2,0, 2), because 0h/0z3 = —1 and x3 is free at these
points. The following proposition shows that the quadratic penalty method with the original
swaps (Algorithm 1 with Apin = Amax = 0) may converge to a point that is not B-stationary
even under MPEC-LICQ.

Proposition 6.4. Consider Example 2 and Algorithm |Z|.1 with \¥ = 0 for all k and py > 3. For
each k, let s, = (pr — 1)_1/2, ty = skpr/(px — 1), and 2* = (11,0, s;). Then 2 is a strict local
minimizer of Ly, on Q and satisfies conditions (a), (b) and (c) of Algorithm [4.1 with e, = 0,
also with the look-ahead strategy of our implementation. Moreover, pj, — oo, ¥ — 0, and 0 is
not B-stationary, although MPEC-LICQ holds at 0.

Proof. Here Ly(x) = f(x)+pp(x1—23)?/2. Let p = py, s = s, and t = t. Thent—s=s/(p—1),
OLy(2%)/0x1 = —t+p(t—s) = 0and OLy(2*)/0x3 = s+53—p(t—s5) = s+s>—t = s3—5/(p—1) =
0. Since 0 < t,5 < 2 (because p > 3), (a) holds and, since OLy(z¥)/0z1 = 0, so does (c). Near

k o . . . p—1 —p .
x¥, 21 > 0 forces x9 = 0, and the Hessian of Ly with respect to (z1,z3) is ( ) p+1+382>, with
k

determinant 3s?p — 1 — 352 = 2 and positive diagonal, so z* is a strict local minimizer of Lj, on
Q. The only swap is 1 — x2, with § = (0,0, s), and, since Lp(y + ue?) = Li(j) — u/4, every
point w produced by the escaping procedure satisfies Li(w) > Li(y) — 1/4. Moreover,

t? p

_ p p
Le@) — Ln(@®) = 5 + 5 (s = (= 9)%) 2 2p—1) 20p-17 "

because p/(p—1) > 1 and p/(p—1)3 < 3/8 for p > 3. Hence Lj,(w)—Ly(2*) > 1/2-3/16—1/4 =
1/16 > 0, and (b) holds. Since no swap decreases Ly, there are no candidates for the look-ahead
strategy, which in our implementation only improves swaps that decrease the objective function.
Since h(zF) =t — s = (pr — 1)~3/2 depends only on pj, the penalty parameter is increased at
least every other iteration, so pr — co and ¥ — 0. Finally, (0,u,0) € X for v € [0,1] and
V£(0)Te? = -1/4 <0, so 0 is not B-stationary. O

1.3
2 16’
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T3

20 =(0,u,s) h(z) = h(z*)
.V\
N o’ = (t,0,s)
7 =4/0,0,s)

T2

(0,1,0
[

w=(0,u,s —1) Al

Figure 2: Example 2 at an iterate =¥ = (¢,0, s) of Proposition close to the branch {(¢,0,t)}
of the feasible set (thick lines, not to scale). The original swap x; — z2 (dashed) goes to y and
then along x5, through points that are far from the plane h(z) = h(z¥), because h(j) = —s,
so that Ly includes the penalty pps2/2, larger than the decrease u/4 of f along z2, and the
swap is rejected. The CPS (Algorithm 2) starts from the same point z° = (0,u,s) and
restores the free variable x5 with Algorithm 1, so that w lies on the plane h(z) = h(z*) and
Li(w) — L (2F) = f(w) — f(2*) = —u/4 < 0 when s and t are small. Thus, z* does not satisfy
condition (b) of Algorithm [5]3.

Theorem applies to Algorithm [5]3 in Example 2, also with Apin = Amax = 0, so that no
limit point can be 0. As Figure [2| shows, near 0 the CPS finds the descent along xo that the
original swap misses. In Proposition the safeguarding box is {0}, so that A¥ = 0 for all k&,
the method is the quadratic penalty method, and A* = 0 lies on the boundary of this box. If
the safeguarding box contains A* in its interior (for example, A\pin = —10%° and A\pax = 10%°, as
in Section and the subproblems are solved accurately, the augmented Lagrangian method
with the original swaps does not fail in this example. The multiplier estimate A2 = A2 > 0
makes the subproblem of the second iteration move to the branch z; = 0 (see Section . In
Proposition [6.6] below we show, with another example, that the method may fail also with such a
safeguarding box and exact solutions of the subproblems. The next proposition shows, however,
that the original method may fail under MPEC-LICQ with multipliers in the interior of the
safeguarding box if the subproblems are solved inexactly, with tolerances e — 0 as allowed by
Algorithm [41.

Proposition 6.5. Consider Example 2 and Algorithm .1 with 7 = 1/2, v = 10, p1 > 16,
Amin < 0, Amax > 1/2, AL = 0, M+l = P[,\mim,\max]()\k*l), arbitrary & and nyy, €1 = 1, and
e = 8/(k+ 13 +1/(k(k +1)p1) for k > 2. Letty = 0 and, for k > 1, t), = 1/(k + 1),
hy = (tp — tp_1)/pr, and z¥ = (ty,0,tx — hy). Then x* satisfies conditions (a), (b) and (c) of
Algorithm |Z|.1, Nl = N+ — 41— 0 = \*, which belongs to the interior of the safequarding
boz, pr, — 00, and x¥ — 0, which satisfies MPEC-LICQ and is not B-stationary.

Proof. Note that h(z*) = o — 2% = hy. By induction, \* = t;_;. This is true for k = 1
and, if it is true for k, then A1 = X\ 4 pphy =t € (0,1/2], so that AF+1 = ;. Let t = t,
s=ak=t—hy, and p =\ =+¢.

Condition (a). We have 0Ly (2%)/0z1 = —t+p = 0 and 0Ly (2%) /025 = s+ 53— = s° — hy.
Fork=1,s=1/2—1/(2p1) and |s® — h1| <1 =¢1. For k > 2, hy, = —1/(k(k + 1)p;) < 0 and
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s <t+1/(k(k+1)p1) < 2t, so that |s® —hg| < 8/(k+1)3+1/(k(k+1)p1) = €. Since 2§ and x4
are at distance at least 1 > ¢, from their bounds (for £ > 2) and x5 is fixed in the face, (a) holds
(for k = 1, the projected derivatives are bounded by the derivatives). Since dLy(z*)/0x1 = 0,
condition (c) also holds.

Penalty parameters. For k > 3, let r, = |hg|/|hk—1] = (k—1)pr—1/((k+1)pg), and note that
|ha|/|hi| = 1/3. Thus p3s = p2 = p1, r3 = 1/2, so that py = p1, and, for k > 4, if pp, = p_1,
then r, = (k—1)/(k+1) > 1/2 and pgy1 = 10pg, whereas, if py = 10px_1, then r, < 1/2 and
pr1 = pr- Hence py = p1101E—=3)/2) for k> 3, and p, — co. Clearly, 2F — 0.

Condition (b). The only possible swap is o1 — x2, with § = (0,0, s). Since Ly (7 + ue?) =
Li(y) — u/4, every point w produced by the escaping procedure satisfies Li(w) > Ly (y) — 1/4.
Using h(y) = —s, s+ hy =t and s*> — h? = t(s — hy,),

2
Li(y) — Li(2¥) = % — Mt %t(s — hy).
For k =1, thisis 1/8+ (p1 —2)/8 > 1/4. For k > 2, \¥ = 1/k < 2t and s — hy =t — 2hy, > t, S0
that Ly(y) — Li(2*) > t?(px — 3)/2 > 1/4 if pp > 3+ (k + 1)2/2. This holds for k < 4 because
pr = p1 > 16, and for £ > 5 because pr > 16 - 10(’“*4)/2, whose ratio between consecutive
values, /10, is larger than the one of 3 + (k + 1)2/2. Therefore, Ly (w) > Li(x*) and (b) holds.
Finally, MPEC-LICQ holds at 0, \* = 0 by Proposition [3.4] and 0 is not B-stationary, as in
Proposition [6.4} O

In Proposition the tolerances € are much larger than |h(z¥)|, so that the condition
ex < mellh(x®)||, with n, — 0, used in [I] to prove the boundedness of the penalty parameters,
does not hold. Moreover, the branch problem Minimize f subject to h(z) = 0, zo = 0, does
not satisfy the second-order sufficient condition at 0 (on the feasible branch, f(t,0,t) = t*/4).
On the other hand, Theorem holds for every sequence of tolerances e, — 0, and the points
of Proposition do not satisfy condition (b) of Algorithm 3 for k large, because the CPS
returns w = (0,¢, —h) with f(w) — f(z*) ~ —t/4.

The following example shows that the original method may fail under MPEC-LICQ also with
multipliers in the interior of the safeguarding box and exact solutions of the subproblems (strict
local minimizers), with the parameters 7 = 1/2 and v = 10 of Algencan. As expected from
the results of [I], the second-order sufficient condition fails at the limit point (on the feasible
branch, f is of order six). The iterates alternate between two branches of local minimizers of
the subproblems, on which A has opposite signs.

Example 3. n =4, #1 = (r1,2) is a complementarity pair, (x3,x4) forms a block without
cardinality constraints, B = [0,1] x [-1,1]%, h(z) = 21 — 74, and

T+ 3 6+ T — I3 6
2 2
MPEC-LICQ holds at z* = 0, because x4 is free and 0h/0z4 = —1, and x* is not B-stationary,

because (0,u,0,0) is feasible for u € [0,1] and Vf(0)Te? = —1/4.

T2

fla) =22+

. +ayzy(er - 22)
4 6 r1x3(x1 T4).

Proposition 6.6. Consider Example 3 and Algorithm .1 with 7 = 1/2, v = 10, Apin = —1,
Amax = 1, p1 = 100, A\l = 1/100, A+ = P[Amin,Amax]()‘kH)’ and e, = 0 for all k. For each k, let
yr > 0 be the positive root of pry> — 2y — |N\F| =0, s, = (2y,%)1/4, and ¥ = (s, 0, sy, 51, + )
if \F >0, 2F = (53,0, —sp, s — y?) if Ne < 0. Then ¥ is a strict local minimizer of Ly on
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Q that satisfies conditions (a), (b) and (c) of Algorithm .1 with e, = 0, APt = A+l 5 0,
which belongs to the interior of the safequarding box, p, — oo, and x* — 0, which satisfies
MPEC-LICQ and is not B-stationary.

Proof. In the face zo = 0, we use the coordinates t; = (z1 + x3)/2, to = (x1 — 23)/2 and
w = h(z) = z1 — 24, in which L = (t$ +15)/6 + (t2 — t2)w + Mw + prw?/2. Let p = pi, ¥y = Y,
s = sp, and assume that \¥ > 0 (the other case is symmetric, with ¢; and t5 exchanged). Then
z¥ corresponds to t; = s, to = 0, w = —y?, with s* = 2%, and 9L /0t; = s(s* + 2w) = 0,
OLy/0ty = 0, and Ly /0w = s+ N — py? = V2y + A — py> = 0. The Hessian is block

diagonal, with the entry 5t3 —2w = 2y? > 0 and the block (82932 2;) in (t1,w), whose determinant

8py? — 42y is positive because py > /2 (the positive root satisfies y > \/§/p) Since x’f > 0,
Q coincides with the face near z¥, so that 2* is a strict local minimizer of Ly on ©Q and (a)
holds with &5, = 0 (the iterates belong to the interior of the box, see below). Since z¥ is strictly
between its bounds, dL(x*)/0x1 = 0, so that (c) also holds.

Multipliers and penalty parameters. We have \Ft1 = N pw = —/2y (and ++v/2yif \¥ < 0).
Let ap = [A¥| and z, = pp|\*T1|. Then 2, = 1 + /T + 2prax, and |h(2F)| = y2 = 22/(202).
If AP < 1, then AP = NFL g0 = 24 /pk, and 2k01 = 1+ /1 + 2(pr+1/pk) 2k with
pr+1/pr € {1,10}. Since z — 1+4/1 + 20z is increasing and its fixed point is 22, and z; = 14++/3,
by induction 2 < 2z, < 22 and [Nt = 2. /pr < 22/100 < 1 for all k. Thus the multipliers
alternate in sign, A**1 = M\*1 and [A¥1| — 0 if pp — co. If {pp} were bounded, then pp = p
for k > ki, zpr1 = 1+ I F 225, 2 — 4, and |h(z®)|/|h(z* )| = (2/26-1)> = 1 > 7, so that
the penalty parameter would be increased, a contradiction. Hence pp — oo, yp — 0, s — 0
and z* — 0. Moreover, y, = |[A¥T1/v/2 < 0.16 and s;, < 0.48, so that the iterates belong to the
interior of B.

Condition (b). The only swap is 21 — zo, with § = (0,0,z%,2%). Since Lj(7 + ue?) =
Li(y) — u/4, every point w produced by the escaping procedure satisfies Li(w) > Li(y) — 1/4.
Using 52 = /2y, h(g) — h(z¥) = —s and |N\*| = py? — V2, a direct computation gives

) 65v/2 Py
Li(7) — Lp(z®) = == + L £ V2
)~ Lae) = 25+ L Vs,
with the sign + if ¥ > 0 and — otherwise. Since py > v/2 and v2ys = 23/%y3/2 < 0.12, we
obtain Ly (7) — Lr(z¥) > 1 —0.12 > 1/4, so that Li(w) > Li(x*) and (b) holds. O

The following example shows that Theorem does not hold if MPEC-LICQ is replaced by
MPEC-MFCQ. The reason is that a descent direction may require two simultaneous swaps.

Example 4. n = 6, with complementarity pairs (y1,21) = (x1,22) and (y2,22) = (3,24), a
block (wy,ws) = (w5, r¢) without cardinality constraints, B = [0, 1]%, and

f(@) =y1 +y2 — 21 — 22+ 3w1 + 3ws, h(z) = 21 — 22 + w1 — wo.

The global minimizer is (0,1,0,1,0,0), with f = —2. The next proposition shows that the
method may fail in this example.

Proposition 6.7. In Example 4, MPEC-MFCQ holds at * = 0, MPEC-LICQ does not hold,
and x* is not B-stationary. Let I be the face index in which y1, y2, w1 and we are the variables
that are not fizxed at zero in Fy. Then, for every p > 0 and X\ with —3 < X\ < 3, the point
z* = 0 satisfies conditions (a) and (b) of Algorithm[5 3 with e, = 0. More strongly, for every
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single swap (y1 — 21 or yo — 22) and every point w of the new face with h(w) = h(0), we
have f(w) > f(0). Therefore, the constant sequence z¥ = 0 (with \! = 0) is generated by
Algorithm [3.3, and its limit is not B-stationary.

Proof. At x* = 0 all the variables are at their lower bounds and both pairs are biactive. The
equality constraints of the tightened problem are h = 0 and y; = 21 = y2 = 22 = 0, whose
gradients are linearly independent, because Vh has non-null components in w; and wy. The
direction d with dy, = dy, = 1 and the other components null satisfies VAT d = 0 and is strictly
feasible for the active bounds w > 0. Thus, MPEC-MFCQ holds. MPEC-LICQ fails because
F(0) = 0. The points (0,u,0,u,0,0), u € [0,1], are feasible, with f = —2u, so 0 is not B-
stationary. Since h(0) =0, VL (0) = V£(0) + AVA(0), whose components corresponding to the
variables that are not fixed at zero in Fy (y1, y2, w1, w2) are 1, 1, 34+ X and 3 — . Since these
variables are at their lower bounds, g[L’“(O) = 0 and (a) holds. Also, A**1 = X\* so that, with
M =0, M =0 and py = py for all k. Since h(w) = h(0) implies Ly(w) — Lx(0) = f(w) — £(0),
it suffices to consider f. In the swap y1 — 21, the points of the new face have zo = 0, and
h(w) = 0 with 23 =t > 0 gives we =t + wy, so that f(w) =y2 —t + 3wy + 3(t +wy1) > 2t > 0.
The swap y2 — 2o is analogous (wq = ¢ 4+ wy). Hence no CPS returns a point, whatever the
restoration procedure, and (b) holds. (In Algorithm2, the restoration returns no point because
the moving variables wi, wy have d, = 0.) O]

A descent direction at 0 requires z1 and z3 to enter simultaneously. Under MPEC-LICQ), the
free variables can always compensate the variation of h caused by a single entering variable, which
is why swaps in one block at a time suffice. Under MPEC-MFCQ), a complete test would have to
consider simultaneous swaps in several blocks, guided by the linearization of the problem, which
leads to combinatorial subproblems such as the linear programs with equilibrium constraints of
[30]. In Example 4, the original swaps of the Telescopic Method, which do not preserve h, do
escape from 0, because, from 7 = 0 along z1, Li(ue®) = —u + pu?/2 < 0 for small u. Indeed,
our implementation, which keeps both kinds of swaps, finds the global minimizer in the first

outer iteration (Section |7.1).

Remark 6.8. In Example 4 (MPEC-MFCQ), the limit point * = 0 of Algorithm 3 in the
counterexample of Proposition [6.7]is A-stationary but not M-stationary, because M-stationarity
of the first pair requires A > 1, and that of the second, A < —1. The methods of [I8], 21| and
[2], which also keep the complementarity constraints in the subproblems, obtain M-stationary
limit points under their constraint qualifications, whereas, with the constraint-preserving swaps,
Theorem [6.1] gives B-stationarity under MPEC-LICQ.

7 Numerical experiments

We report experiments with the examples of Sections [4| and |§| (Section , with the MacMPEC
collection (Section, and with problems with partitioned cardinality constraints (Section .

We implemented Algorithm [5]3 in Fortran, as a driver around the implementation of the
Telescopic Method of [§], the subroutine pcc_telescopic. Algorithm MIA is Gencan, with
exact second derivatives and its default parameters. As in Step 3 of Algorithm 5.1 of [§], a single
iteration of Gencan is performed on each visited face (G = 1, in the notation of Section [7.2)).
We used € = 1078, § = n,, = +00, and look-ahead with 10 candidates, in whose faces Gencan is
run until convergence. As in Algencan, the safeguarded multipliers are the projections \F+1 =
P[)\mim)\mx}m()\kﬂ). In all the experiments, e, = 107 for all k. The subroutine pcc_telescopic
stops when condition (a) holds with this tolerance and the swap test of [§] is satisfied, and
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the CPS search described below checks condition (b). For Algorithm [4]1, pcc_telescopic
also checks condition (¢) when it stops. If (c¢) does not hold, the variables of the face that
violate it are set to zero, provided that this decreases L, and the method goes on. Step 1 is
implemented as follows. First, pcc_telescopic is applied to Li. When it stops, a CPS search
is performed over all the blocks with cardinality constraints, leaving and entering variables, and
admissible directions, with § = 400, tmax = 1, tmin = 1078, a = 107*, ¢ = 1078 in , and
Jmax = 90. The restoration used in the other experiments is described in Section If some
CPS returns w with Lg(w) < Lp(z¥) — 1078, the best such w is taken as the new initial point
and pcc_telescopic is called again, in the face of w. The outer iterations use 7 = 0.5 and
~v = 10. The codes were compiled with gfortran 15.2 (option -03), and all the experiments were
run on an Apple M1 Max computer (8 performance cores, 64 GB of memory, macOS 13.7), with
eight sequential runs in parallel. The codes, the test problems and the complete results (final
points, residuals, stationarity measures and objective values of all the methods) are available at
https://www.ime.usp.br/~egbirgin/l Tables with the results by instance of all the methods
are given in the supplementary material.

7.1 Examples

In the examples of S(—:'ctionsamd@7 we used p; = 10, \' =0, 2% = (1,0,0.9) in Examples 1 and 2
and 2° = (0.5,0,0.5,0,0,0) in Example 4 (Section , and stop when ||h(2%)|s < 1078, Since
VLi(zF) = Vf(xF) + Vh(z®)A\*+1 condition (a) says that, at the final iterate, the projected
gradient of the Lagrangian f 4+ (A*¥1)”Th on the face is at most 1078, We used two settings of
the multipliers. In the augmented Lagrangian method (AL), Apnin = —10%° and Apax = 10%°. In
the quadratic penalty method (QP), Amin = Amax = 0, so that A¥ = 0 for all k. To show that
the CPS works independently of the penalty parameter, we also ran the method with the CPS
activated only from a prescribed outer iteration ks on.

Example 1 (Section [4.3)). By Proposition Algorithm [4]1 (without CPS) may generate
iterates that converge to 2* = 0, which is not B-stationary, and this is what our implementation
does. MPEC-LICQ does not hold at x* = 0 (all the variables are at their bounds, so F(z*) = )
nor at (0,1,0), where Vh = 0, so Theorem does not apply. Nevertheless, the CPS works
in this example. At z* = (s, + 52, 0, s), the restoration moves only z3, with dz(z*) = s, > 0
and Oh(0,t, s;)/0xs3 = s,(1 + 2t) # 0, and returns w = (0,¢, z3) with (1 + 2¢)z% = s¢, at which
fw) ~ —t/2.

Table [2| summarizes the runs. Telescopic AL and CPS AL denote Algorithms 1 (original
swaps only) and 3 (both kinds of swaps) with the AL setting of the multipliers, and Telescopic
QP and CPS QP denote the same algorithms with the QP setting. In the runs of the original
method that failed, the iterates behaved as predicted by Proposition and Proposition (in
Example 2, because of the tolerance of the subproblems, the iterates are only approximations
of the points of Proposition when py is large). In Examples 1 and 2, in all the runs with
CPS, exactly one CPS was performed, with ¢t = 1, after which the Telescopic Method converged
in the new face to an approximation of the global minimizer (0, 1,0), where the outer iterations
stopped. In Example 1 with the CPS activated at k = 40 (pso = 10?°), the CPS was performed
at 219 = (3.0010 x 1073,0,3.0009 x 1073), with f(2%) = —6.1 x 107!}, and returned w =
(0,1,4.8 x 1078) with f(w) = —0.5 and Lyo(w) = —0.5. Thus, the penalty parameter played no
role. The restoration tolerance was 7 x 107, In Example 1 with keps = 1, the CPS was
rejected at k = 1 (the iterate was far from feasible, with f(z') = —0.68) and accepted at k = 2,
at 22 = (1.079,0,0.714) with f(2?) = —0.26, returning w = (0, 1,0.210) with f(w) = —0.477. In
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Example 4 (Section , started in the face of y; and y», the original swaps of pcc_telescopic
found the global minimizer (0,1,0,1,0,0) in the first outer iteration, with or without CPS.

Example Method keps Outer it. CPS Final point o lhlleo
Telescopic AL - 21 — (4.9e-2,0,4.9e-2) —4.3e-6 6.8e-9
1 CPS AL 1 2 1 (0,1,7.3e-20) —0.5 8.0e-39
CPS AL 21 21 1 (0,1,4.2e-12) —0.5 2.6e-23
CPS AL 40 40 1 (0,1,6.9¢-9) —0.5 T7.le-17
Telescopic QP - 11 - (2.3e-3,0,2.3e-3) 1.5e-12  2.3e-9
) CPS QP 1 1 1 (0,1,—1.4e-16) —0.25 1.4e-16
CPS QP 11 11 1 (0,1,0) ~0.25 0
Telescopic AL - 6 - (0,1,3.2e-10) —0.25 3.2¢-10
4 Telescopic AL - 1 - (0,1,0,1,0,0) -2 0
CPS AL 1 1 0 (0,1,0,1,0,0) -2 0

Table 2: Results. “Outer it.” is the number of outer iterations, “CPS” the number of constraint-
preserving swaps performed. With k.,s > 1, the stopping test is applied only for k£ > k,s. The
penalty parameters at & = 21 and k = 40 of Example 1 are 10'0 and 10%°, and at k = 11 of
Example 2 it is 106.

7.2 The MacMPEC collection

MacMPEC [2§] is a collection of AMPL models of MPCCs with general constraints. We used
the model and data files distributed with MacMPEC.jl [26], which also lists the best objective
value known for each instance (most of them obtained with the filter SQP method of [I4]). Each
of the 193 model /data combinations was translated by AMPL into a .nl file, read by the AMPL
Solver Library (ASL) [I7]. Instance ex9.1.2 has a binary variable, which was reformulated as
in Section [3| for all the methods. Four of them (pack-rig2-16, pack-rig2c-16, pack-rig2-32
and pack-rig2c-32), marked as infeasible in the list of [26], are counted as failures of all the
methods in the columns “Feas.” and “Stat.” of Table [3| (see item [2| below). We call small the
116 instances with at most 100 variables in the AMPL model and large the other 77 (the largest
has 3436 variables).

With the option cc_simplify of the ASL, every complementarity condition becomes 0 <
xq L xp > 0 for two variables (the ASL adds auxiliary variables and equality constraints when
a side of the condition is an expression, and splits mixed complementarity conditions), and the
other constraints have the form ¢; < ¢;(z) < u;. Every inequality constraint is written as ¢;(x) —
s; = 0, with a slack s; € [¢;,u;]. In this way the problem has the form considered in Section
in which every complementarity pair is a block with p = 1 and the remaining variables (original
and auxiliary variables and slacks) form a block without cardinality constraints. Functions and
first and second derivatives are evaluated by the ASL. When an evaluation fails (for example,
outside the domain of a function), the value 10%? is returned for the objective function of the
subproblem, so that the trial point is rejected.

We compared variations of the augmented Lagrangian method with telescopic subproblems
with two methods from the literature. All of them use Gencan (the bound-constrained solver of
Algencan 4.0.0) for the subproblems:

e CPS AL: Algorithm 3 (original swaps and constraint-preserving swaps);
e Telescopic AL: the same method with the original swaps only (Algorithm [41);

e Algencan: Algencan 4.0.0 [9] applied to the nonlinear programming reformulation in which
each pair is replaced by z, > 0, 2, > 0, 247, < 0 (augmented Lagrangian methods applied
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to this reformulation were analyzed in [20] []);

e Scholtes: the regularization method of Scholtes [33], with z,z, < tfort = 1,1071,...,1078
and finally ¢t = 0, each problem being solved by Algencan 4.0.0 from the solution and the
multipliers of the previous one.

In CPS AL and Telescopic AL, the subproblems are solved by the implementation described at
the beginning of Section [7], with three differences. First, at most G = 10 iterations of Gencan
are performed on each visited face before the next swap search (Algorithm 5.1 of [§] performs
a single one, and Remark 5.1 of [§] allows any number). Other values of G are considered
below. Second, there is no look-ahead. Third, we use simultaneous swaps. When improving
swaps are found in several blocks, the best swap of each block is performed at the same time.
If the resulting point is not better than the best single swap, halves of the list are tried and,
at last, the best single swap is performed. This is allowed by Remark 5.1 of [8], by which
any point of the new face with a functional value not larger than fp.s; may be chosen. The
values of the constraints are updated incrementally after a swap. The CPS search is performed
when the Telescopic Method stops at a point with ||h(z)||cc < 1075, since condition (b) is
required in the proof of Theorem [6.1] only for the iterates close to a feasible limit point. Its
restoration uses simplified Newton iterations, in which the matrix of Algorithm [5}1 is replaced
by the matrix JSDQJE + kregl, computed at the starting point y and kept fixed in all the
iterations. Here Jg is the Jacobian of h with respect to the moving variables, D = diag(d,) and
Kreg = 10712 max{l,maxi(JgD2J§)ii}, and the matrix is factorized once per search by MA57,
through the linear solver interface of Algencan. Lemma also holds for this version, as shown
after its proof. The column of the leaving variable is removed by the Sherman—Morrison formula.
At most 50 iterations are performed, and the restoration also stops without returning a point if
an iterate leaves B or if the residual ||h(z7) — 1| becomes larger than twice its initial value. The
candidates (pair, entering variable) are sorted by the first-order prediction of the variation of
Ly, only candidates with negative prediction are tried, and the first CPS that returns a point is
accepted (o = 107, tpax = max{1,||z|lcc}, tmin = 1072, € = 107®). Since i, and e are fixed
in the implementation, Theorem does not apply literally, and the final points are verified a
posteriori, as described below.

The initial point of CPS AL and Telescopic AL is computed by a light Phase I, in which
Algencan, with at most 10 outer iterations and tolerances 1074, is applied to the reformu-
lation used by Algencan from the initial point of the AMPL model. If it stops at a point
whose sup-norm of the constraint violation is larger than 10, it is applied again from a ran-
dom perturbation of the AMPL point (fixed seed), until such a point is found or the time
limit is reached. The best point found, in which the smaller variable of each pair is set to
zero and the slacks are set to the projections of the constraint values, is the initial point of
the method, and its multipliers are the initial safeguarded multipliers A'. The outer itera-
tions use the parameters of Algencan, 7 = 0.5, v = 10, Apin = —10%°, \pax = 1020 and
p1 = max{10~8, min{10 max{1, | f(2°)|}/ max{1, 1[|h(z°)||*}, 10%}}. There are at most 50 outer
iterations, and the method stops when ||h(2")||c < 1078 and the subproblem was solved with
the required tolerance, when ||h(2")||oo < 1078 at three consecutive iterations in which the sub-
problem solver did not reach the required tolerance (as in Algencan), or when p;, > 10%0. If a
subproblem is unbounded below, its solution is discarded and the subproblem is solved again
from the previous iterate with p; multiplied by . To assess the CPS independently of Phase I,
CPS AL and Telescopic AL were also run without Phase I, from the initial point of the AMPL
model projected onto the bounds (with the same treatment of pairs and slacks), in variants
denoted by CPS AL and Telescopic ALy.
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In Algencan and Scholtes, the feasibility, complementarity and optimality tolerances of Al-
gencan were set to 107%, with at most 50 outer iterations and the default values of the other
parameters, from the initial point of the AMPL model projected onto the bounds. Each run
had a time limit of one hour. In CPS AL and Telescopic AL, the limit is checked by the code
between subproblems (and between Phase I attempts), and the best point found is returned.
A run still active after 3800 seconds was interrupted and counted as a failure. Algencan and
Scholtes were interrupted after one hour.

The final points were checked independently of the methods. The original AMPL model
(without simplifications) was read by the ASL, and we computed at the final point the maximum
violation of the bounds and the constraints and the complementarity residual. For a condition
¢ < z; < u complementary to c;(x), the residual is |z; — Py (; — ci(x))], which is min{|z; —
/), |ci(x)|} when u = +o0o. A point is feasible when both quantities are at most 1076, At
feasible points, stationarity was checked in the simplified problem by solving, with the bounded-
variable least-squares method, Vf(z) = 3 ;c 4 iVei(®) + 3 05cy mjel, where A and V are the
active constraints and bounds (relative tolerance 107%), with the signs given by the activity
(free multipliers for equalities and for the null variable of a nondegenerate pair). The point is
S-stationary when the relative residual is at most 107% with nonnegative multipliers for both
variables of every biactive pair. Otherwise, if there are at most 10 biactive pairs, all the branches
were checked (in each biactive pair, the multiplier of one of the variables is free and the other is
nonnegative), and the point is B-stationary when the residual is at most 107% in every branch
(under MPEC-LICQ), this is B-stationarity). A run is a success when its final point is feasible
and S- or B-stationary. At infeasible final points, we checked the stationarity of the infeasibility
measure ¥ (Proposition , with the slacks at their best values. The point is stationary for ¥
when the projected gradient of ¥ on the face of the point (for Algencan and Scholtes, on the
box, with the complementarity constraints written as z,7, < 0) is at most 107%(|V¥|| . The
relative test excludes nearly feasible points, at which VW is tiny. Finally, the objective value of
a feasible point was compared with the best known value fpes, and it reaches frese when it is at
most frest + 1073 max{1, | fyest|} (for minimization).

Table [B] summarizes the results.

All (193) Small (116) Large (77)
Method Feas. Stat. W Best Feas. Stat. Best Feas. Stat. Best
CPS AL 185 185 2 165 115 115 110 70 70 55
Telescopic AL 185 18 2 165 115 115 110 70 70 55
CPS ALy 175 174 13 148 108 108 99 67 66 49
Telescopic ALy 175 174 13 145 108 108 97 67 66 48
Algencan 179 171 8 156 110 106 102 69 65 54
Scholtes 168 165 8 150 109 106 102 59 59 48

Table 3: MacMPEC: number of instances in which the final point is feasible (“Feas.”), is feasible
and S- or B-stationary (“Stat.”), and reaches the best known value (“Best”), with G = 10 in
CPS AL, Telescopic AL, CPS ALg and Telescopic ALgy. “W” is the number of instances in which
the final point is infeasible and stationary for W. The four infeasible instances are counted as
failures in “Feas.” and “Stat.”.

We highlight the following facts.

1. Stationarity. All the feasible final points of CPS AL and Telescopic AL, and all but
one of CPS ALy and of Telescopic ALy (both in bem-milanc30-s), were certified S- or
B-stationary, against 171 of the 179 feasible points of Algencan and 165 of the 168 of
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Scholtes. Four points of CPS AL are B-stationary with biactive pairs (ex9.2.2, gpec2,
ralphl, scholtes4). In these instances, the complementarity residuals of Algencan are
between 3.7 x 107° and 7.5 x 10™°, a typical consequence of the degeneracy of the reformu-
lation z,z < 0, and, with tolerance 10~* for this residual, Algencan and Scholtes would
be feasible in 184 and 182 instances. In bem-milanc30-s, CPS AL, Telescopic AL and
Algencan found S-stationary points with objective value 0.0944, much smaller than the
value 83.28 of the list. In the 179 instances in which both CPS AL and Algencan found
feasible points, the objective values coincide (up to 1073) in 168, CPS AL is better in 7
and Algencan in 4.

. Failures and infeasible points. The failures of CPS AL are the four infeasible instances and
TSC-7, TSC-8, TSC-12 and taxmcp, in which Phase I did not find a point with violation at
most 10~% within the time limit. In the four infeasible instances, all the runs that stopped
before the time limit found the same point, stationary for ¥, with ||hljcc = 1.0 x 1074
(pack-rig2-16, pack-rig2c-16) and 2.3 x 10~* (pack-rig2-32, pack-rig2c-32), which
supports their infeasibility. Without Phase I, CPS ALg and Telescopic ALy also stopped
with pp > 10?0 at infeasible points stationary for ¥ in nine other instances, as predicted
by Proposition

. Phase I and CPS. With Phase I, no CPS was accepted, and CPS AL and Telescopic
AL returned the same points (the CPS search found candidates in 113 instances, but
the Telescopic Method had already stopped at S-stationary points). Without Phase I,
the CPS improved the final point of Telescopic Al in five instances, namely ex9.2.5
(f =9 — 5), kth3 (1 — 0.5) and gpec-100-2 (—4.2517 — —6.5907), reaching the best
known values, and qpec-200-4 (—3.2184 — —4.9845) and gpec-100-1 (0.2828 — 0.2782).
Phase I increased the number of successes from 174 to 185. In ex9.1.4, for example, the
first subproblem without Phase I, with a small penalty parameter, chooses branches of the
pairs with no feasible point near the limit, and the CPS, which preserve the values of the
constraints, cannot correct this.

. Time. In the 167 instances in which all four methods found feasible points, the total times
were 814 s (CPS AL), 730 s (Telescopic AL), 599 s (Algencan) and 1321 s (Scholtes), so
that the CPS searches increased the time by about 12%. The four runs of CPS AL that
reached the time limit account for 14401 of its 18906 seconds. CPS AL and Telescopic
ALg took 4099 seconds (2569 in bem-milanc30-s) and 1782 seconds.

. Iterations of Gencan per visited face. With G = 1, the swap search is performed after
every iteration of Gencan, and its cost dominates in the instances with many pairs (1835
seconds in incid-setl1c-32, with 961 pairs, against 52 seconds with G = 10). CPS AL
had 183, 184, 185 and 184 successes with G = 1, 5, 10 and 50000, and the total times in
the 183 instances solved by the four versions were 4924, 1273, 1102 and 1263 seconds.

Nurkanovi¢ and Leyffer [30] solved 191 MacMPEC problems (translated to CasADi, with

IPOPT as NLP solver) and counted as a success the computation of a B-stationary point (cer-
tified a posteriori for the methods other than MPECopt). Their highest success rate, 94.24%,
was obtained by MPECopt with regularization in Phase I, followed by 93.2% for a regularization
method, 92.14% for an /., penalty method, 90.0% for IPOPT applied to the NLP reformulation
and 72.52% for a mixed-integer reformulation solved by Bonmin. With the same criterion (fea-
sible and S- or B-stationary), the success rates of our experiments in their list of 191 problems
are 97.4% (CPS AL and Telescopic AL), 91.6% (CPS ALy and Telescopic ALg), 90.1% (Algen-
can) and 85.9% (Scholtes). Their list contains 14 repeated instances under different names (for
example, pack-rig-k and pack-rig2p-k), and the rate of CPS AL in its 177 distinct instances
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is 97.2%. The comparison is only indicative, because the formulations, NLP solvers, tolerances,
time limits and computers are different. Infeasible final points are counted as failures, as in [30],
although MPECopt also has a convergence result for infeasible points (Theorem 4.2 of [30]).

In summary, as predicted by the theory, the feasible final points of CPS AL were S- or B-
stationary, and CPS AL and Telescopic AL succeeded in 97.4% of the problems of [30]. With
Phase I, the original swaps were already sufficient in this collection, and the CPS added the
guarantee of Theorem at a small cost. When the initial point does not lie in a good branch,
the CPS improve the points at which the original swaps stop (CPS ALg versus Telescopic ALy).
The remaining failures are related to Phase I, not to the CPS.

7.3 Partitioned cardinality constraints

In this subsection the blocks have more than two variables and, in two of the three families,
more than one non-null variable is allowed in each block. We used the implementation of
Section extended to general blocks, with the same variants. CPS AL and Telescopic AL
start from the point given by Phase I, that is, by Algencan applied to the problem without
cardinality constraints, followed by keeping the largest entries of each block. CPS ALy and
Telescopic ALg are the same methods without Phase I. When the variables are non-negative,
we also ran Algencan and the regularization method of Scholtes applied to the reformulation of
[12]. The time limit was 600 seconds. Every final point was verified independently for feasibility
with tolerance 1079, cardinality (entries with absolute value at most 10~8 are considered null),
and stationarity in the sense of Definition for the Lagrangian, with tolerance 10~¢ (under
PCC-LICQ, B-stationarity). We then say that the final point is verified. For each instance,
we report the relative difference between the objective function value of each method and the
best value found by all the methods (the gap). In the three families described below, the
constraint-preserving swaps improved the original swaps, never worsening the final point, and
the resulting method was better than the methods applied to the reformulation of [12] and close
to the reference values computed by CPLEX.

7.3.1 Portfolio selection

Mean-variance portfolios. The problem is
Minimize 27 Qz subject to 7% & > Tmin, 2?21 zj=1,0<xz<u, [|z)o < s,

where @) is the covariance matrix of the returns of n assets, 7 is the vector of mean returns, rnin
is the minimum required return and u is the vector of upper bounds (one block, with p; = s). We
used the 90 instances of Frangioni and Gentile [16] (available at https://commalab.di.unipi.
it/datasets/MV/), with n = 200, 300 and 400, ignoring the minimum buy-in constraints, as in
[23, 21], and s € {5,10,20} (270 problems). The initial point of CPS ALy and Telescopic ALy is
x = 0. As a reference, we used CPLEX 22.2 applied to the mixed-integer formulation, with one
thread and a time limit of 600 seconds, which it reached in 266 problems, so that its values are
not certified to be optimal. Table 4] shows, for each method, the number of verified final points
and the mean gap. All the final points of Telescopic AL, Telescopic ALy, Scholtes and CPLEX
were verified.

Comparing CPS AL with Telescopic AL problem by problem, CPS AL found a better point
in 194 problems and the same point in 74, and never a worse one. CPS AL was better than
Scholtes in 245 problems and worse in 13, and better than Algencan in 188 problems and worse
in 29. The eight failures of CPS AL and CPS AL occurred for n = 400 and s = 20, by the time
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s=25 s =10 s =20
CPS AL 90 / 0.35% 90/ 0.32% 88/ 0.07%
CPS ALg 90 / 0.48% 90 / 0.24% 84 / 0.25%
Telescopic AL 90 / 5.65% 90 / 4.51% 90 / 4.05%
Telescopic ALy 90 / 12.9% 90 / 14.7% 90 / 11.2%
Algencan 81 /101% 76/ 7.44% 71 / 5.99%
Scholtes 90 / 3.66% 90 / 3.59% 90 / 3.54%
CPLEX 90 / 0.01% 90 / 0.00% 90 / 0.01%

Table 4: Mean-variance portfolios (90 problems for each s): number of verified final points and
mean gap.

limit. CPLEX found better points than CPS AL in 157 problems. In all of them, the two points
have different sets of non-null variables, that is, CPS AL stops at another local minimizer. The
median relative difference was 0.2% in these problems and 0.03% over all the problems. The
constraint-preserving swaps were accepted in most problems, and they are responsible for the
difference between CPS AL and Telescopic AL. They make the method slower. The total time of
CPS AL was 11580 seconds, against 2962 for Telescopic AL, because there are s(n—s) candidate
swaps.

The instances with n = 200 were also used in [2I], with the same cardinalities. A direct
comparison is not possible, because the code of [2I] is not available and the results are reported
only graphically, relative to the values obtained by CPLEX with a time limit of 30 minutes.
According to [2I], the values obtained by their augmented Lagrangian method are usually not
too far from those of CPLEX, and those of the boosted version are usually very close to them.
In these 90 problems, the values obtained by CPS AL were equal to or better than those of
CPLEX (with 600 seconds) in 41 problems. The median relative difference was 0.02% (mean
0.25%, maximum 4.8%).

Portfolios with a risk constraint and sector cardinality. The problem is

Ty subject to 27 Cx < 02,., S

max? 7=1

Maximize 7 zj=1,0<z<u, |Z]o<p v=1,...,N,
where 7 and C are the mean returns and the covariance matrix of the assets, and each block %, is
a sector, in which at most p assets may be chosen. We used the data of the S&P 500 index used
in [8] (n = 497 assets in N = 11 sectors, with 7 and C' computed from 10,000 scenarios), with
p € {1,2,3}, u € {0.2,1} (the same bound for all the assets) and opmax € {0.15,0.20,0.25} (18
problems). We excluded oyax = 0.10, for which no method, CPLEX included, found a feasible
point. The reference values were computed by CPLEX applied to the mixed-integer quadratically
constrained formulation (600 seconds). All the final points of CPS AL and Telescopic AL were
verified, as were 17 of the 18 points of CPS AL, Telescopic ALy and Scholtes, and only 6 of
Algencan. Because of its integrality tolerances, the points of CPLEX were checked only for
feasibility and cardinality, and 17 of them passed. Table [5] shows the number of verified points
and the mean gap over them (the best value is the best one among the verified points of all the
methods, CPLEX included).

CPS AL was better than Telescopic AL in 9 problems and equal in the other 9. It was better
than Scholtes in 8 problems, equal in 8 and worse in 1. CPS AL and Telescopic AL took about
4 and 3 seconds per problem.
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Verified points Mean gap (%)

CPS AL 18 0.15
CPS ALy 17 0.08
Telescopic AL 18 0.50
Telescopic ALg 17 3.8
Algencan 6 6.8
Scholtes 17 0.94
CPLEX 17* 0.02

Table 5: Portfolios with a risk constraint and sector cardinality (18 problems): number of verified
final points and mean gap. *Feasibility and cardinality only.

7.3.2 Sparse principal component analysis

The problem is
Minimize —z7 Az subject to [|z]|> =1, =1 <z <1, ||lz]jo < p,

where A € R™*™ is a covariance matrix, so that 7 Az is the variance explained by the direction
x, and at most p entries of z may be non-null (one block). We used the sample covariance
matrices A of n observations of a normal vector in R” with covariance I + fvv”, where v has
10 non-null entries +1/v/10, for n € {50,100,200}, & € {1,3} and five random seeds, and
p € {5,10,20} (90 problems). Since z = 0 is stationary for the augmented Lagrangian, CPS
ALg and Telescopic ALg start from the canonical vector of the largest diagonal entry of A. We
compared with the truncated power method (TP) of Yuan and Zhang [34], started from the
leading eigenvector truncated to its p largest entries. All the final points of all the methods were
verified. Table [6] shows the mean gap of each method and the number of problems in which it
found the best value.

Mean gap (%) Best value

CPS AL 0.30 70
CPS Al 1.5 55
Telescopic AL 0.52 60
Telescopic ALg 2.0 45
TP 3.3 21

Table 6: Sparse principal component analysis (90 problems): mean gap and number of problems
in which each method found the best value.

CPS AL was better than Telescopic AL in 13 problems and equal in the other 77, and better
than TP in 65 and worse in 2. The constraint-preserving swaps were accepted 22 times. All the
runs took less than one second.

8 Conclusions

We considered the augmented Lagrangian method of Algencan in which the bounds and the
partitioned cardinality constraints (in particular, complementarity constraints) are kept in the
subproblems, which are solved by the Telescopic Method. The B-stationarity that the Tele-
scopic Method guarantees for the subproblems is inherited by the limit points when the penalty
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parameters remain bounded, but not in general. The reason is that the variation of the penalty
term along a swap grows with the penalty parameter, so that the swaps of the subproblems
may stop detecting descent directions of the original problem. Constraint-preserving swaps re-
move the dependence on the penalty parameter. With them, every feasible limit point at which
PCC-LICQ (MPEC-LICQ for MPCCs) holds is B-stationary (S-stationary for MPCCs), what-
ever the behavior of the penalty parameters and of the safeguarded multipliers, which includes
the quadratic penalty method. Without them, if the stopping criterion of the subproblems also
includes a derivative test outside the current face, the feasible limit points are still M-stationary
for MPCCs under MPEC-LICQ, as for other augmented Lagrangian methods that keep the
complementarity constraints in the subproblems. We also showed that the modification is nec-
essary under MPEC-LICQ), even with exact solutions of the subproblems and multipliers in the
interior of the safeguarding box, and that this assumption cannot be replaced by MPEC-MFCQ),
because descent may require simultaneous swaps in several blocks.

In the MacMPEC collection, with a light Phase I, the original swaps already stopped at
S- or B-stationary points, and no constraint-preserving swap was accepted. Without Phase I,
the constraint-preserving swaps improved the final points of the original swaps in five instances,
three of which reached the best known value. The method found certified S- or B-stationary
points in 185 of the 193 instances, more than the other methods tested, and its failures are
related to Phase I, not to the swaps. With cardinality constraints (Section , on the other
hand, the constraint-preserving swaps were often accepted and improved the final points of the
original swaps, at the price of a larger number of candidate swaps.
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