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Abstract. We study the group of surjective linear isometries on certain real

Banach sequence spaces using the preservation of extreme points in the closed

unit ball. Our main result provides a characterization of the extreme points of
the dual unit ball of the James-Schreier space V1. As a consequence, we show

that the only isometries on V1 are ±Id. We also obtain a Banach-Stone-type

result for Lorentz sequence spaces, analogous to one proved in [13] for Lorentz
function spaces.

1. Introduction

The study of surjective isometries on infinite-dimensional Banach spaces goes
back to Banach’s 1932 monograph [4], in which he characterized these maps on
classical spaces such as C[0, 1] and Lp for p ≥ 1. He further asserted that similar
descriptions hold for c0 and ℓp, without including proofs. In this paper, we focus
our attention on two types of real Banach sequence spaces: James-Schreier spaces
and Lorentz spaces. Our main goal is to characterize their surjective isometries in
terms of permutations of the canonical basis and sign changes.

Given a real Banach spaceX, let us denote by Isom(X) the group of all surjective
linear isometries T : X → X. We say that X has a trivial group of isometries if
every isometry is a multiple of the identity map Id, i.e., Isom(X) = {±Id}. If X is
a sequence space, following [1], we say that the group of isometries of X is diagonal
if it consists of all operators T : X → X of the form:

T (xn) = (εnxn)

for some sequence of signs (εn) ∈ {−1, 1}N. In this case, Isom(X) ∼= ZN
2 . Finally,

Isom(X) is standard if it consists of all operators T : X → X of the form:

T (xn) = (εnxπ(n))

for some (εn) ∈ {−1, 1}N and some π ∈ S∞, where S∞ denotes the set of all
permutations of the natural numbers. Analogous definitions can be considered in
the complex case, by replacing {−1, 1} by the unit circle in C, but for simplicity,
we restrict our study to real Banach spaces.

Although every separable real Banach space admits an equivalent norm with
trivial isometry group [5], certain spaces already exhibit this rigidity under their
natural norm. In particular, the James space J2 has trivial isometry group [6], and
this was later extended to Jp, p > 1, [25]. The notions of diagonal and standard
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isometry groups, on the other hand, depend on the chosen Schauder basis used to
represent the space as a sequence space. We omit explicit reference to the basis
whenever the canonical one is used.

Between the trivial and the standard cases lie spaces with intermediate rigidity.
Generalized Schreier spaces and their p-convexifications Xp

Sα
, for p ≥ 1, have diag-

onal isometry group [2, 11, 15]. More general families yield further restrictions on
admissible permutations that characterize their isometry groups [12]. These results
rely on two main ingredients: a description of the extreme points of the dual unit
ball and the preservation of disjoint supports by isometries [3, 6, 11].

Our main result, Theorem 3.4, characterizes the extreme points of the dual
unit ball of the James-Schreier space V1. The spaces Vp, p ≥ 1, introduced in
[8, 7, 9], combine features of the James space Jp and the Schreier space in a way
analogous to the construction of the combinatorial spaces Xp

F . Using the fact that
the canonical basis of V1 is shrinking together with a detailed analysis of its unit ball,
we describe the extreme points of BV ∗

1
in terms of their supports and coordinates.

As a consequence, we prove in Theorem 4.4 that V1 has trivial isometry group.
Thus, although V1 is built from James and Schreier structures, it exhibits isometric
behavior markedly different from that of either of its components.

The study of surjective linear isometries can be framed in a Banach–Stone-type
perspective: within a given class of Banach spaces, when does an isometry be-
tween two spaces force an equivalence of their underlying parameters? The classical
Banach–Stone Theorem asserts that C(K) and C(L) are isometrically isomorphic
if and only if K and L are homeomorphic. Likewise, ℓp and ℓq are isometrically iso-
morphic if and only if p = q. Analogous results hold for the p-convexified Schreier
spaces Xp

S and the James–Schreier spaces Vp (see [9]), as well as for more general
combinatorial spaces XF and Xp

F (see [12, 15]).
In addition to our results on V1, we study isometries between Lorentz sequence

spaces. For a strictly decreasing weight sequence w, the Lorentz space d(w, 1) is a
classical sequence space with a unique symmetric Schauder basis (see [21, Section
4.e]). Using the description of the extreme points of its unit ball from [19, Theorem
2.6], we prove that two Lorentz spaces d(w, 1) and d(v, 1) are isometric if and
only if the weight sequences are proportional (Theorem 5.5). This yields that the
isometry groups of d(w, 1) and of its predual d∗(w, 1) are standard (Theorem 5.7),
in agreement with results implicit in [10].

The paper is divided into two independent and self-contained parts. The first
part (Sections 2–4) is devoted to the James-Schreier space V1. We first introduce the
space and establish structural properties of its dual, which allow us to characterize
the extreme points of BV ∗

1
and deduce that V1 has trivial isometry group. The

second part (Section 5) contains a Banach-Stone-type theorem for Lorentz sequence
spaces.

We use standard notation from Banach space theory. For a Banach space X,
we denote by X∗ its dual space, by BX its closed unit ball, by SX its unit sphere,
and by ext(BX) the set of extreme points of BX , the points x ∈ BX such that
whenever x = y+z

2 with y, z ∈ BX , then x = y = z. If X has a Schauder basis (en)
and x =

∑∞
n=1 xnen, we denote suppx = {n ∈ N : xn ̸= 0}. We also denote xi by

λi or e∗i (x). When (en)n is a shrinking basis of X, the sequence (e∗n)n is a basis
for X∗ and we denote the coordinates of a vector x∗ ∈ X∗ by x∗

i or x∗(ei). For a
standard reference on Banach space theory, we refer the reader to [22]. N denotes
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the set of strictly positive integers. We refer to the book [16] and the survey [1]
for detailed presentations on the study of isometries over function spaces and over
sequence spaces, respectively.

2. The James-Schreier space V1 and its dual

The James-Schreier spaces Vp, for p ≥ 1, were introduced and studied in [8, 7, 9].
In this work we will focus on the James-Schreier space V1. Let us recall its definition.

Definition 2.1. We say that a subset A ⊆ N is permissible if 2 ≤ |A| ≤ minA+1.
Denote by P the family of all permissible sets and PMAX the permissible sets that
are maximal with respect to inclusion.

The definition of the Schreier family varies from reference to reference, but we can
think of permissible sets as corresponding to those elements of the Schreier family
which are not singletons. It will be convenient to enumerate any nonempty subset
F of some permissible set A as F = {n1 < n2 < . . . < nk+1}, where 0 ≤ k ≤ n1.
F is a singleton when k = 0; it is an element of P when 1 ≤ k ≤ n1; and F is an
element of PMAX when k = n1.

Given a sequence x = (xn) of real numbers, denoting ν(x,A) :=
∑k

j=1 |xnj
−

xnj+1
| for each A ∈ P, we define:

∥x∥W1 = sup
A∈P

ν(x,A) ≤ ∞ and W1 := {x ∈ c0 : ∥x∥W1 < ∞}.

It follows that (W1, ∥ · ∥W1) is a Banach space. Moreover, if (en) is the sequence
of standard unit vectors in c00, then each en clearly belongs to W1, so that we can
consider its closed subspace V1 := span{en : n ∈ N} ⊆ W1, which is called the
James-Schreier space (for p = 1).

From now on, we will omit the subscript W1 in the norm of V1. The following
facts about the James-Schreier space hold: in [8] the authors prove that (en) is
a Schauder basis of V1 which is not unconditional and that V1 is c0-saturated.
Moreover, it is proved in [9] that the basis (en) is shrinking, so that the sequence
of biorthogonal functionals (e∗n) is a Schauder basis of V ∗

1 .
Our main purpose is to describe the group of surjective linear isometries of V1,

Isom(V1), in terms of permutations of the basis (en) and possible changes of signs.
To achieve our goal, we will characterize the extreme points of dual unit ball BV ∗

1

and describe Isom(V ∗
1 ).

Definition 2.2. We say that a functional x∗ ∈ BV ∗
1
is compatible if there are k ≥ 0

and F = {n1 < . . . < nk+1} ⊆ A ∈ P such that:

x∗ = ±

(
k+1∑
i=1

(−1)iλie
∗
ni

)
where

 λ1 = 1,
λi = 2 if 1 < i < k + 1,
λk+1 ∈ {1, 2} and λk+1 = 1 if F ∈ PMAX.

Notice that if x∗ =
∑∞

i=1 x
∗
i e

∗
i is a compatible functional, then any partial sum∑m

i=1 x
∗
i e

∗
i is also a compatible functional, if m ≥ min suppx∗.

The following example will be helpful to estimate the norm of vectors:
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Example 2.3. Given A = {n1 < . . . < nk+1} ∈ P and a sequence θ⃗ = (θ1, . . . , θk)

of signs in R, the functional x∗
A,θ⃗

:=
k∑

i=1

θi(e
∗
ni

− e∗ni+1
) ∈ V ∗

1 is compatible. Mo-

roever, every compatible functional x∗ = ±
(∑k+1

i=1 (−1)iλie
∗
ni

)
with k ≥ 1 and

λk+1 = 1 is of the form x∗
A,θ⃗

for some A ∈ P and some θ⃗.

In fact, it is straightforward to check that x∗
A,θ⃗

∈ BV ∗
1
, furthermore if one writes:

x∗
A,θ⃗

= θ1e
∗
n1

+ (θ2 − θ1)︸ ︷︷ ︸
0, 2 or -2

e∗n2
+ · · ·+ (θk − θk−1)︸ ︷︷ ︸

0, 2 or -2

e∗nk
− θke

∗
nk+1

,

it is easy to verify that consecutive coordinates on supp
(
x∗
A,θ⃗

)
have alternating

signs, thus it is a compatible functional.

Proposition 2.4. The set M = {x∗ ∈ V ∗
1 : x∗ is compatible} ∪ {0} is a norming

set that is symmetric and weak∗-closed.

Proof. Observe that M is a norming set because in Example 2.3 we proved that
each x∗

A,θ⃗
is compatible. Hence, given any x = (xn) ∈ V1 and A = {n1 < . . . <

nk+1} ∈ P, let θi = sgn(xni
− xni+1

) and notice that ν(x,A) = x∗
A,θ⃗

(x). Moreover,

it is clear that M is symmetric. We shall prove that M is weak∗-closed.

Let x∗ ∈ M
w∗

with x∗ ̸= 0, we will prove that x∗ is compatible. Because the

canonical basis (en) of V1 is shrinking (see [9]), we can write x∗ =
∞∑
i=1

x∗(ei)e
∗
i with

x∗(ei) → 0. It follows that:

|x∗(ei)| ∈ {|y∗(ei)| : y∗ ∈ M} = {0, 1, 2} for all i ∈ N.

Thus, suppx∗ is finite. Let S := suppx∗ = {n1, . . . , nk+1}, with k ≥ 0.
We consider the basic weak∗-open neighbourhood of x∗ given by:

U := U

(
x∗, {e1, . . . , enk+1

}, 1
2

)
=

{
y∗ ∈ V ∗

1 : max
i≤nk+1

|(y∗ − x∗)(ei)| <
1

2

}
.

Let y∗ ∈ M ∩ U and i ≤ nk+1. Since y∗ is compatible, we obtain that

i ∈ S =⇒ |y∗(ei)− x∗(ei)| <
1

2
=⇒ y∗(ei) = x∗(ei)

and

i /∈ S =⇒ |y∗(ei)| = |y∗(ei)− x∗(ei)| <
1

2
=⇒ y∗(ei) = x∗(ei) = 0.

In particular, S ⊆ supp y∗ and for every i ∈ S, x∗(ei) = y∗(ei). Moreover, if
S ∈ PMAX, then S = supp y∗ and, therefore, |x∗(enk+1

)| = 1. It follows easily that,
for m = max supp y∗, x∗ =

∑m
n=1 y

∗
ne

∗
n, which is a compatible functional. □

We remember the following result, stated as Lemma 4 of [11]:

Lemma 2.5. Let X be a Banach space over K and N ⊆ BX∗ be a sign invariant

norming set for X. Then BX∗ = conv(N)
w∗

.

Notice that for real Banach spaces, being sign invariant is the same as being
symmetric. As a consequence of Proposition 2.4, Lemma 2.5 and Milman’s Theorem
(see [24, Theorem 3.25]), it follows that ext

(
BV ∗

1

)
⊆ M .
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In what follows, our main goal is to determine which elements of M are extreme
points of BV ∗

1
. We present preliminary results which will be used in Section 3

to show that certain compatible functionals are indeed extreme points. Given

a compatible functional x∗ =
k+1∑
i=1

x∗
ni
e∗ni

, we start with y∗, z∗ ∈ BV ∗
1

such that

y∗ + z∗ = 2x∗ and show that, under certain assumptions, y∗j = z∗j = x∗
j for every

j ∈ N. Evaluating these functionals on specific vectors in the unit ball of X will be
crucial for that purpose.

Notice that if x ∈ V1, then x ∈ c0, so that

|x(i)| = lim
j→∞

ν(x, {i, j}) ≤ sup
A∈P

ν(x,A) = ∥x∥.

Therefore, ∥x∥∞ ≤ ∥x∥, thus BV1
⊆ [−1, 1]N.

Let us introduce some further notation. Given a set A ⊆ N, let χA :=
∑

j∈A ej
and x∗|A := x∗|span{ei: i∈A}, when x∗ ∈ V ∗

1 . We also use interval notation within N:
[i, j] = {k ∈ N : i ≤ k ≤ j}, [i, j[= {k ∈ N : i ≤ k < j}, ]i, j[= {k ∈ N : i < k < j}
and ]i,+∞[= {k ∈ N : k > i}.

We start by pointing out a collection of vectors which are in BV1 :

Lemma 2.6. The following vectors are in the unit ball BV1
:

(1) ei, for i ≤ 2;
(2) ei

2 , for i ≥ 3;

(3) e1 +
ej
2 , for j ≥ 2;

(4)
ei±ej

2 , for i ≤ 2 ≤ j;
(5) χ

[1,j], for j ≥ 2;

(6)
χ
[i,j]

2 , for 2 ≤ i < j.

In what follows, we will use Lemma 2.6 several times without explicit mention.
Any vector which is claimed to be in BV1

should be listed above. The following
lemmas, despite being simple, exemplify the use of these vectors to compute certain
coordinates.

Lemma 2.7. Given y∗, z∗ ∈ BV ∗
1
, the following assertions hold:

(1) If i ≤ 2 and y∗i + z∗i = ±2, then y∗i = z∗i = ±1.
(2) If i > 2, y∗i + z∗i = ±2 and y∗|[1,i[ = z∗|[1,i[ ≡ 0, then y∗i = z∗i = ±1.
(3) If i ≤ 2, y∗i + z∗i = 0 and y∗j = z∗j = ±2 for some j > 2, then y∗i = z∗i = 0.

Proof. In (1) and (2), we get that |y∗i |, |z∗i | ≤ 1 by evaluating y∗ and z∗ on the
unit vectors ei and χ

[1,i], respectively. It follows that y
∗
i = z∗i = ±1. To prove (3),

we evaluate y∗ and z∗ on
ei+ej

2 ∈ BV1 , obtaining either
∣∣∣y∗

i

2 + 1
∣∣∣ , ∣∣∣ z∗

i

2 + 1
∣∣∣ ≤ 1 or∣∣∣y∗

i

2 − 1
∣∣∣ , ∣∣∣ z∗

i

2 − 1
∣∣∣ ≤ 1, and both alternatives imply that y∗i = z∗i = 0. □

Lemma 2.8. Let x∗ =
k+1∑
i=1

x∗
ni
e∗ni

be a compatible functional and y∗, z∗ ∈ BV ∗
1

be

such that y∗ + z∗ = 2x∗.

(1) If | suppx∗| > 2, then y∗|]n1,nk+1[ = z∗|]n1,nk+1[ = x∗|]n1,nk+1[.
(2) Moreover, if also |x∗

nk+1
| = 2, then y∗|]n1,+∞[ = z∗|]n1,+∞[ = x∗|]n1,+∞[.
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Proof. We may assume without loss of generality that x∗
n1

= 1. Notice that

| suppx∗| > 2 implies that n1 ≥ 2. For 1 < i ≤ k + 1, since
eni

2 ∈ BV1
, the evalua-

tion of y∗ and z∗ yields |y∗ni
|, |z∗ni

| ≤ 2. If i < k + 1, since y∗ni
+ z∗ni

= 2x∗
ni

= ±4,
we get that y∗ni

= z∗ni
= x∗

ni
.

Let 1 < i < k + 1 and ni < j < ni+1 be such that for every ni < m < j,

y∗m = z∗m = 0. Since ∥
χ
[ni,j]

2 ∥ ≤ 1, we can evaluate y∗ and z∗ to get

either

∣∣∣∣1 + y∗j
2

∣∣∣∣ , ∣∣∣∣1 + z∗j
2

∣∣∣∣ ≤ 1 or

∣∣∣∣1− y∗j
2

∣∣∣∣ , ∣∣∣∣1− z∗j
2

∣∣∣∣ ≤ 1.

Both imply that y∗j = z∗j = 0. If n1 < j < n2, a similar inductive argument applies

to show that y∗j = z∗j = 0, by evaluating y∗ and z∗ on
χ
[j,n2]

2 ∈ BV1
.

Finally, if |x∗
nk+1

| = 2, we use vectors
enk+1

2 and
χ
[nk+1,j]

2 to show that y∗nk+1
=

z∗nk+1
= x∗

nk+1
and y∗j = z∗j = 0 for j > nk+1, which concludes the proof. □

For the remaining coordinates, it will be necessary to compute the norm of other
vectors of V1. To tackle the initial segment [1, n1[ and the tail ]nk+1,+∞[, we need
the following remark:

Remark 2.9. Given a finitely supported vector x ∈ V1, let n = min suppx. For
i ≤ n− 1 and t = x(n), we have

∥tχ[i,n−1] + x∥ ≤ ∥x∥.

Similarly, if n = max suppx, for j ≥ n+ 1 and t = x(n), we have

∥x+ tχ[n+1,j]∥ ≤ ∥x∥.

The points defined on Lemma 2.10 will be used to determine the coordinates n1

and nk+1.

Lemma 2.10. Given F = {n1 < . . . < nm} and θ⃗ = (θni)
m
i=1 ∈ {−1, 1}F , consider

the following vector:

yθ⃗ :=

m∑
i=1

θni
eni

.

(1) If m = n1, then ∥yθ⃗∥ ≤ 2m− 1.
(2) If m = n1 + 1, then ∥yθ⃗∥ ≤ 2(m− 1).
(3) If m ≥ n1 and θn1 = θn2 , then ∥yθ⃗∥ ≤ 2(m− 1).

Proof. For fixed F and θ⃗, notice that the values of the coordinates of yθ⃗ have at
most m − 1 jumps of height 2, between two coordinates in the support, and two
jumps of height 1, associated to the first and last nonzero coordinates.

If m = n1, then a permissible set A containing F may contain only one further
element, so that ν(yθ⃗, A) ≤ 2(m − 1) + 1 = 2m − 1, while a permissible set which
does not contain F may count the two jumps of height 1, but necessarily misses at
least one jump of height 2, so that ν(yθ⃗, A) ≤ 2(m − 2) + 2 = 2(m − 1). Hence,
∥yθ⃗∥ ≤ 2m− 1.

If m = n1 + 1, then a permissible set A containing F equals F , since F is
maximal. Then it misses the first and last jumps and this yields ν(yθ⃗, A) ≤ 2(m−1).
A permissible set missing at least one element of F may count the two jumps of
height 1, but necessarily misses at least one jump of height 2, so that ν(yθ⃗, A) ≤
2(m− 2) + 2 = 2(m− 1). Therefore, ∥yθ⃗∥ ≤ 2(m− 1).
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Finally, if m ≥ n1 and θn1
= θn2

, the coordinates of yθ⃗ have at most m−2 jumps
of height 2 - from θni to θni+1 for 2 ≤ i ≤ m - and 4 jumps of height 1: from 0 to
θn1 , then back to 0 and back to θn2 = θn1 , and finally a last jump from θnm to 0.

Thus, a permissible set A containing n1 has at most n1 + 1 ≤ m + 1 elements.
Hence, either A contains F and one more element, which makes it consider all steps
of height 2 and at most 2 more jumps, which ensures ν(yθ⃗, A) ≤ 2(m − 2) + 2 =
2(m − 1); otherwise it misses at least one jump of height 2 and may consider all
4 jumps of height 1, which yields ν(yθ⃗, A) ≤ 2(m − 3) + 4 = 2(m − 1). Finally, A
does not contain n1, then it necessarily does not count two jumps of height 1, so
that ν(yθ⃗, A) ≤ 2(m− 2) + 2 = 2(m− 1). This concludes the proof. □

3. Extreme points of BV1
∗

In this section we will determine what are the compatible functionals x∗ =
k+1∑
i=1

x∗
ni
e∗ni

∈ M that lie on ext
(
BV ∗

1

)
. To ease the reading, the main theorem

of this section, Theorem 3.4, is split on smaller propositions that will deal with
different types of compatible functionals, highlighting where the points defined on
the previous section are used.

The structure of the arguments to show that a given x∗ ∈ M is an extreme
point of BV ∗

1
will follow the pattern: we suppose that y∗, z∗ ∈ BV ∗

1
are such that

y∗ + z∗ = 2x∗ and argue that y∗ = z∗. Notice that x∗ is an extreme point if, and
only if, −x∗ is an extreme point. Starting from a compatible functional x∗ which
we want to decide if it is an extreme point of BV1

∗ or not, this allows us to suppose,
without loss of generality, that the first coordinate on the support of x∗ is x∗

n1
= 1.

Proposition 3.1. ±e∗i ∈ ext
(
BV ∗

1

)
⇐⇒ i ∈ {1, 2}.

Proof. Without loss of generality we consider only e∗i .
(⇒) For i ≥ 3, fix 0 < δ < 1 and consider:

y∗ := δe∗i−1 + (1− δ)e∗i and z∗ := −δe∗i−1 + (1 + δ)e∗i .

Because y∗ + z∗ = 2e∗i with y∗ ̸= z∗, to prove that e∗i is not extreme, we need to
show that y∗, z∗ ∈ BV ∗

1
. Indeed, if x ∈ BV1

, then:

|y∗(x)| = |δxi−1 + (1− δ)xi| ≤ δ∥x∥+ (1− δ)∥x∥ = ∥x∥ ≤ 1

and

|z∗(x)| = | − δxi−1 + (1 + δ)xi| < |xi − xi−1|+ |xi|
= lim

n→∞
|xi − xi−1|+ |xi − xn| = lim

n→∞
ν(x, {i− 1, i, n})︸ ︷︷ ︸

≤1

≤ 1.

Thus, e∗i /∈ ext
(
BV ∗

1

)
for i ≥ 3.

(⇐) Conversely, for i = 1, let y∗, z∗ ∈ BV ∗
1

be such that y∗ + z∗ = 2e∗1. From
(1) of Lemma 2.7 we conclude that y∗1 = z∗1 = 1. For each j ∈ N, we evaluate y∗

and z∗ on χ[1,j] ∈ BV1
to obtain, by induction on j ≥ 2:

|1 + y∗j | =
∣∣y∗(χ[1,j])

∣∣ ≤ 1 and |1 + z∗j | =
∣∣z∗(χ[1,j])

∣∣ ≤ 1.

It follows that y∗j , z
∗
j ≤ 0 and since y∗j + z∗j = 0, we conclude that y∗j = z∗j = 0.

Hence, y∗ = z∗ = e∗1 and e∗1 ∈ ext
(
BV ∗

1

)
. The proof for i = 2 follows analogously.

□
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As we mentioned in the previous section, we will use the points defined on
Lemma 2.6, Remark 2.9 and Lemma 2.10 to determine whether or not x∗ is an
extreme point when its last coordinate is such that |xnk+1

| = 1. We present:

Proposition 3.2. Let x∗ =
k+1∑
i=1

x∗
ni
e∗ni

∈ M be such that k ≥ 1 and |x∗
nk+1

| = 1.

Then:
x∗ ∈ ext(BV ∗

1
) ⇐⇒ suppx∗ ∈ PMAX.

Proof. (⇒) Suppose that suppx∗ /∈ PMAX. Let l > nk+1 and define:

y∗ := x∗ + (e∗nk+1
− e∗l ) and z∗ := x∗ − (e∗nk+1

− e∗l ).

Since {n1, . . . , nk+1, l} ∈ P, it follows from Example 2.3 that y∗ and z∗ are com-
patible funcionals. In particular, y∗, z∗ ∈ BV ∗

1
. Since y∗ + z∗ = 2x∗, we get that

x∗ /∈ ext
(
BV ∗

1

)
.

(⇐) Suppose that suppx∗ ∈ PMAX, let y∗, z∗ ∈ BV ∗
1
such that y∗+z∗ = 2x∗ and

assume, without loss of generality, that x∗
n1

= 1. To prove that x∗ is an extreme
point, we will divide the argument in the following two cases:

Case 1: | suppx∗| = 2.
In this case, x∗ = e∗1 − e∗j for some j > 1. Then it follows from (1) of Lemma 2.7

that y∗1 = z∗1 = 1. Also, since
e1 ± ej

2
∈ BV1 , we have:∣∣∣∣12 +

y∗j
2

∣∣∣∣ = ∣∣∣∣y∗(e1 + ej
2

)∣∣∣∣ ≤ 1 and

∣∣∣∣12 −
y∗j
2

∣∣∣∣ = ∣∣∣∣y∗(e1 − ej
2

)∣∣∣∣ ≤ 1

and we conclude that |y∗j | ≤ 1. Similarly, |z∗j | ≤ 1. Since y∗j + z∗j = 2x∗
j = −2,

we get that y∗j = z∗j = −1 = x∗
j . Finally, to show that y∗ = z∗, let i > 1, i ̸= j.

By evaluating y∗ and z∗ on e1 +
ei
2

∈ BV1
, we conclude that y∗i , z

∗
i ≤ 0. Since

y∗i + z∗i = 0, we get that y∗i = z∗i = 0. Thus y∗ = z∗ = x∗ and x∗ is extreme.
Case 2: | suppx∗| > 2.

Write x∗ =
k+1∑
i=1

x∗
ni
e∗ni

and observe that y∗|]n1,nk+1[ = z∗|]n1,nk+1[ = x∗|]n1,nk+1[,

by Lemma 2.8.
Claim 1: y∗n1

= z∗n1
= xn1 = 1.

Proof of Claim 1. Consider the vectors

y = en1 +

k∑
i=2

(−1)i−1eni and ȳ = en1 −
k∑

i=2

(−1)i−1eni .

Since suppx∗ = {n1, . . . , nk+1} ∈ PMAX, we get that k = n1. Hence, m :=
| supp y| = | supp ȳ| = k = n1. It follows from (1) of Lemma 2.10 that y and ȳ
have norm at most 2k − 1.

The evaluation of y∗ on them yields:

y∗n1
+ 2(k − 1) = (2k − 1)− (1− y∗n1

)

and
y∗n1

− 2(k − 1) = −(2k − 1) + (1 + y∗n1
),

respectively. Using that y∗ ∈ BV1 , we get that 1 + y∗n1
≥ 0 and 1− y∗n1

≥ 0, which
implies that |y∗n1

| ≤ 1. Similarly, |z∗n1
| ≤ 1. Since y∗n1

+z∗n1
= 2x∗

n1
= 2, we conclude

that y∗n1
= z∗n1

= 1 = x∗
n1
. □
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Claim 2: y∗|[1,n1[ = z∗|[1,n1[ = x∗|[1,n1[ ≡ 0.

Proof of Claim 2. Given 1 ≤ j < n1, suppose that for all j < m < n1 we have
y∗m = z∗m = 0. The evaluation of y∗ and z∗ on χ[j,n1−1] + y, by Remark 2.9 and
Lemma 2.10 gives us that:

y∗j + 2k − 1 ≤ ∥y∗∥∥χ[j,n1−1] + y∥ ≤ ∥y∥ ≤ 2k − 1

and

z∗j + 2k − 1 ≤ ∥z∗∥∥χ[j,n1−1] + y∥ ≤ ∥y∥ ≤ 2k − 1,

so that y∗j , z
∗
j ≤ 0. Since y∗j + z∗j = 2x∗

j = 0, this implies that y∗j = z∗j = 0. □

Claim 3: y∗nk+1
= z∗nk+1

= xnk+1
= 1.

Proof of Claim 3. For the coordinates above nk+1, let us consider the vectors

z =

k∑
i=1

(−1)i−1eni + enk+1
and z̄ =

k∑
i=1

(−1)i−1eni − enk+1
.

Since suppx∗ = {n1, . . . , nk+1} ∈ PMAX, we get that k = n1. It follows from (2) of
Lemma 2.10 that z and z̄ have norm at most 2k.

The evaluation of y∗ on these vectors yields:

2k − 1 + y∗nk+1
= 2k − (1− y∗nk+1

) and 2k − 1− y∗nk+1
= 2k − (1 + y∗nk+1

),

respectively. Since y∗ has norm 1, it follows that |y∗nk+1
| ≤ 1. Similarly, |z∗nk+1

| ≤ 1.
Thus, y∗nk+1

= z∗nk+1
= x∗

nk+1
. □

Claim 4: y∗|]nk+1,+∞[ = z∗|]nk+1,+∞[ = x∗|]nk+1,+∞[ ≡ 0.

Proof of Claim 4. Let j > nk+1 be such that y∗m = z∗m = 0 for every nk+1 < m < j.
Suppose x∗

nk+1
= 1. Notice that, by Remark 2.9 and (2) of Lemma 2.10,∥∥z + χ[nk+1+1,j]

∥∥ = ∥z∥ ≤ 2k.

Also,

y∗
(
z + χ[nk+1+1,j]

)
= (1 + 2(k − 1) + 1) + y∗j = 2k + y∗j .

This determines the sign of y∗j . Similarly, the same inequality holds for z∗j , so that
sgn(y∗j ) = sgn(z∗j ) and, since y∗j + z∗j = 2x∗

j = 0, we get that y∗j = z∗j = 0. In case
x∗
nk+1

= −1, we replace z + χ[nk+1+1,j] by z̄ − χ[nk+1+1,j] and the same argument
guarantees that y∗j = z∗j = 0. □

Thus, x∗ = y∗ = z∗ and x∗ ∈ ext
(
BV ∗

1

)
. □

The next proposition deals with the case where x∗ is a compatible functional
and its last non-zero coordinate is ±2. We will use different techniques to decide
whether or not x∗ is an extreme point, depending on the cardinality of suppx∗.

Proposition 3.3. Let x∗ =
k+1∑
i=1

x∗
ni
e∗ni

∈ M be such that |x∗
nk+1

| = 2. Then:

x∗ ∈ ext
(
BV ∗

1

)
⇐⇒ n1 − 1 ≤ | suppx∗| ≤ n1.



10 CHRISTINA BRECH AND VICTOR DOS SANTOS RONCHIM

Proof. Notice that |x∗
nk+1

| = 2 implies k ≥ 1. For both implications we can assume,
without loss of generality, that x∗

n1
= 1.

(⇒) Let F := {n1 < n2 < . . . < nk+1}. If |F | < n1 − 1, then the set

{n1 − 1} ∪ F ∈ P \ PMAX.

Let 0 < δ < 1 and define:

y∗ := δe∗n1−1+(1−δ)e∗n1
+

k+1∑
i=2

x∗
ni
e∗ni

and z∗ := −δe∗n1−1+(1+δ)e∗n1
+

k+1∑
i=2

x∗
ni
e∗ni

.

Clearly, y∗ + z∗ = 2x∗. To conclude the proof we need to show that y∗, z∗ ∈ BV ∗
1
.

Given y ∈ BV1
, then:

|y∗(y)| = |δyn1−1 + (1− δ)yn1
− 2yn2

+ · · · (−1)k2ynk+1
|

= |δ(yn1−1 − yn1
) + (yn1

− yn2
)− (yn2

− yn3
) + · · ·

+ (−1)k−1(ynk
− ynk+1

) + (−1)kynk+1
|

≤ |yn1−1 − yn1
|+ |yn1

− yn2
|+ · · ·+ |ynk

− ynk+1
|+ |ynk+1

|.

Notice that, for all j > nk+1, Bj := {n1−1, n1, . . . , nk+1, j} ∈ P and ν(y,Bj) ≤ 1.
Thus:

|yn1−1 − yn1 |+ |yn1 − yn2 |+ · · ·+ |ynk
− ynk+1

|+ |ynk+1
| = lim

j→∞
ν(y,Bj) ≤ 1

and we conclude that y∗ ∈ BV ∗
1
. In the same way, one can prove that z∗ ∈ BV ∗

1
.

Therefore, x∗ /∈ ext
(
BV ∗

1

)
.

(⇐) Conversely, let x∗ =
k+1∑
i=1

x∗
ni
e∗ni

∈ M with k ≥ 1, x∗
n1

= 1, |x∗
nk+1

| = 2 and

let y∗, z∗ ∈ BV ∗
1

be such that y∗ + z∗ = 2x∗. We split the proof in the following
cases:

Case 1: | suppx∗| = n1.
It follows directly from Lemma 2.8 that y∗|]n1,+∞[ = z∗|]n1,+∞[ = x∗|]n1,+∞[.

The proofs of the next two claims are similar to those of Claims 1 and 2 in the
previous proposition.

Claim 1: y∗n1
= z∗n1

= xn1
= 1.

Proof of Claim 1. Consider the vectors

y = en1 +

k+1∑
i=2

(−1)i−1eni and ȳ = en1 −
k+1∑
i=2

(−1)i−1eni .

Since | supp y| = | supp ȳ| = k + 1 = | suppx∗| = n1, it follows from (1) of
Lemma 2.10, that ∥y∥, ∥ȳ∥ ≤ 2(k + 1) − 1 = 2k + 1. The evaluation of y∗ and
z∗ on these vectors yields |y∗n1

| ≤ 1 and |z∗n1
| ≤ 1. Because y∗n1

+ z∗n1
= 2, we

conclude that y∗n1
= z∗n1

= x∗
n1

= 1. □

Claim 2: y∗|[1,n1[ = z∗|[1,n1[ = x∗|[1,n1[ ≡ 0.

Proof of Claim 2. Assume that 1 ≤ j < n1 is such that for every j < m < n1,
y∗m = z∗m = 0. By evaluating y∗ and z∗ on χ[j,n1−1] + ȳ, using Remark 2.9 and
Lemma 2.10, we conclude that y∗j = z∗j = 0. Hence, by induction, we get that
y∗|[1,n1[ = z∗|[1,n1[ = x∗|[1,n1[ ≡ 0. □
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This ensures that y∗ = z∗ = x∗, so that x∗ is an extreme point and Case 1 is
finished.

Case 2: | suppx∗| = n1 − 1.
Since n1 ≥ 3, from (3) of Lemma 2.7 and Lemma 2.8, it remains to prove the

following claim:
Claim 3: y∗|[3,n1] = z∗|[3,n1] = x∗|[3,n1].

Proof of Claim 3. If n1 = 3, (2) of Lemma 2.7 gives that y∗n1
= z∗n1

= x∗
n1
, which

concludes the proof.
If n1 > 3, for each 3 ≤ l < n1, let

wl = −e∗l +

nk+1∑
i=2

(−1)i−1e∗ni
.

Since | suppwl| = k + 1 = n1 − 1 and min suppwl = l ≤ n1 − 1, it follows from (3)
of Lemma 2.10 that ∥wl∥ ≤ 2k. When we evaluate y∗ and z∗ on wl, we get that

| − y∗l + 2k| ≤ 2k and | − z∗l + 2k| ≤ 2k.

Hence, since y∗l + z∗l = 2x∗
l = 0, it follows that y∗l = z∗l = x∗

l = 0. Now we can
apply (2) of Lemma 2.7 and conclude that y∗n1

= z∗n1
= x∗

n1
. □

Therefore, x∗ ∈ ext
(
BV ∗

1

)
. □

The conjunction of all propositions in this section allows us to characterize the
extreme points of BV ∗

1
as follows:

Theorem 3.4. An element x∗ ∈ BV ∗
1

is an extreme point if, and only if, x∗ =
k+1∑
i=1

x∗
ni
e∗ni

is a compatible functional satisfying one of the following conditions:

(1) x∗ = ±e∗i , for i ∈ {1, 2};
(2) suppx∗ ∈ PMAX;
(3) |x∗

nk+1
| = 2 and n1 − 1 ≤ | suppx∗| ≤ n1.

4. Isometries of V1

In this section we will use the set of all compatible functionals M , defined on
Proposition 2.4, and the characterization of the extreme points in BV ∗

1
given in

Theorem 3.4 to describe Isom(V1) in terms of signed permutations.
In [11, 12] it is proved that the only permutation that is allowed when one

attempts to describe the group of isometries of the Schreier space is the identity,
although there is no restriction over the sequence of signs. Our theorem shows that,
in the case of surjective isometries on the James-Schereier space, we are even more
restrict: the only surjective isometries in Isom(V1) are ±Id. There are two crucial
differences between the arguments used in the aforementioned papers and the study
we have done so far: the first one is the fact that ext(BV ∗

1
) contains several extreme

points with maximal support consisting of two points, namely the points of the form
e∗1 − e∗l , and the second one is that the elements of ext(BV ∗

1
) have alternating signs

in their coordinates. The additional extreme points will play an important role to
prove that S(e∗n) = ±e∗σ(n), while the alternating signs of elements in ext(BV ∗

1
) will

restrict the signs that are allowed in the description of Isom(V1).



12 CHRISTINA BRECH AND VICTOR DOS SANTOS RONCHIM

Proposition 4.1. Suppose that S : V ∗
1 → V ∗

1 is a weak∗-weak∗ continuous operator
that preserves extreme points. Then, for all n ∈ N, S(e∗n) is a compatible functional.

Proof. For every n ∈ N, using Theorem 3.4, it is straightforward to check that
e∗n ∈ w∗-cl

(
extBV ∗

1

)
. Furthermore, because the set of compatible functionals is

weak∗-closed and contains the extreme points of BV ∗
1
, we have:

S(e∗n) ∈ S
[
w∗- cl

(
ext
(
BV ∗

1

)) ]
⊆ w∗- cl

(
S
[
ext
(
BV ∗

1

)])
⊆ w∗- cl

(
ext
(
BV ∗

1

))
⊆ w∗- cl (M) = M. □

Proposition 4.2. Let S ∈ Isom(V ∗
1 ) be a w∗-homeomorphism. For every x∗ ∈

ext(BV ∗
1
):

suppx∗ ∈ PMAX ⇐⇒ suppS(x∗) ∈ PMAX.

Proof. Let x∗ =
k+1∑
i=1

λie
∗
ni

∈ ext(BV ∗
1
) such that suppx∗ ∈ PMAX. Then, y∗ =

S(x∗) =
k′∑
i=1

δie
∗
mi

∈ ext(BV ∗
1
). Suppose, towards a contradiction, that supp y∗ ∈

P \ PMAX. Let

δk′+1 =

{
− sgn δk′ if y∗ = ±e1 or | supp y∗| = m1,
−2 sgn δk′ if y∗ = ±e2 or | supp y∗| = m1 − 1.

Notice that, for every l > supp y∗, y∗ + δk′+1e
∗
l ∈ ext(BV ∗

1
), so that

x∗ + δk′+1S
−1(e∗l ) = S−1(y∗ + δk′+1e

∗
l ) ∈ ext(BV ∗

1
).

Moreover, since (e∗l )l converges weak∗ to 0, so does (S−1(e∗l ))l. Hence, there
is an increasing sequence (li)i such that (suppS−1(e∗li))i is pairwise disjoint and

suppS−1(e∗li) > suppx∗ for every i. This implies that suppS−1(y∗ + δk′+1e
∗
li
) =

suppx∗ ∪ suppS−1(e∗li) /∈ P, contradicting the fact that S−1(y∗ + δk′+1e
∗
l ) ∈

ext(BV ∗
1
) for li > supp y∗. Thus, suppS(x∗) ∈ PMAX. Observe that the reverse

implication follows from interchanging the roles of S and S−1. □

Lemma 4.3. Let y∗ =
k∑

i=1

λie
∗
ni

be a compatible functional such that | supp y∗| =

n1 > 1 and |λk| = 2. If z∗ is a compatible functional such that y∗ + z∗ ∈ ext(BV ∗
1
)

and supp(y∗ + z∗) ∈ PMAX, then z∗ = ±e∗l for some l > nk.

Proof. First, notice that y∗ and z∗ being compatible, if |(y∗ + z∗)(ei)| = 1, then
either |y∗(ei)| = 1 and |z∗(ei)| ∈ {0, 2} or |z∗(ei)| = 1 and |y∗(ei)| ∈ {0, 2}. Remark
also that if y∗ + z∗ ∈ ext(BV ∗

1
) and supp(y∗ + z∗) ∈ PMAX, then it has exactly two

coordinates with absolute value equal to 1, min supp(y∗+z∗) and max supp(y∗+z∗).

Let z∗ =
k′∑
i=1

δie
∗
mi

. Let us first notice that |δk′ | = 1. Indeed, if |δk′ | = 2,

then max supp(y∗ + z∗) ∈ {m1, n1}. If max supp(y∗ + z∗) = m1, then n1 < m1 <
mk′ = nk and the coordinates of y∗ and z∗ above m1 cancel each other, so that
| supp(y∗ + z∗)| ≤ | supp y∗|. Since supp y∗ /∈ PMAX and min supp(y∗ + z∗) =
min supp y∗ = n1, we get that supp(y∗ + z∗) /∈ PMAX. If max supp(y∗ + z∗) = n1,
similarly we get that supp(y∗+z∗) /∈ PMAX, both cases contradicting the maximality
of supp(y∗ + z∗). Therefore, |δk′ | = 1.
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Also, if k′ ≥ 2, we would get either three coordinates with absolute value equal
to 1, {n1, nk,m1}, or two of them would be equal and the only remaining one would
have absolute value equal to 1, both cases contradicting the fact that y∗ + z∗ has
exactly two coordinates with absolute value equal to 1. Therefore, k′ = 1 and it is
easy to see that m1 > nk in this case, which concludes the proof. □

In the next result we will prove that Isom(V1) is trivial and this is obtained
through a characterization of some isometries in Isom(V ∗

1 ), as one would expect.
We would like to highlight how important Lemma 4.3 is to control the interaction
between the supports of two compatible functionals of the form S(e∗1) and S(e∗l ).

Theorem 4.4. If S ∈ Isom(V ∗
1 ) is a weak∗-homeomorphism, then S = ±Id. In

particular, we have Isom(V1) = {Id,−Id}.

Proof. Let S(e∗1) =
k∑

i=1

λie
∗
ni

and we prove the following claim:

Claim 1. | supp
(
S(e∗1)

)
| = n1.

Proof of Claim 1. For every l > 1, we have e∗1 − e∗l ∈ ext(BV ∗
1
) and {1, l} ∈ PMAX,

so that S(e∗1 − e∗l ) ∈ ext(BV ∗
1
) and suppS(e∗1 − e∗l ) ∈ PMAX, by Proposition 4.2.

Since (e∗l )l converges weak∗ to 0, so does (S(e∗l ))l. Hence, there is an increas-
ing sequence (li)i such that (suppS(e∗li))i is pairwise disjoint. Fix i such that
suppS(e∗li) > suppS(e∗1). Since S(e∗li) is a compatible functional, their first co-

ordinate has absolute value equal to 1. Also, suppS(e∗1 − e∗l ) ∈ PMAX, so that
S(e∗1 − e∗l ) has only two coordinates with absolute value equal to 1 - the minimum
and the maximum of its support. Hence, we conclude that | suppS(e∗li)| = 1, so
that | suppS(e∗1)| = n1. □

Let us now show that S is induced by a signed permutation. It suffices to prove
the following claim:

Claim 2. | suppS(e∗l )| = 1 for every l ∈ N.

Proof of Claim 2. Recall that y∗ = S(e∗1) =
k∑

i=1

λie
∗
ni

is an extreme point and it

follows from Claim 1 that | supp y∗| = n1. Suppose, towards a contradiction, that
n1 > 1, in particular |λk| = 2 because supp y∗ /∈ PMAX.

Given l ≥ 2 and let z∗l = S(e∗l ). It follows from Proposition 4.1 that z∗l is
a compatible functional and observe that y∗ − z∗l = S(e∗1 − e∗l ) ∈ ext(BV ∗

1
) and

supp(y∗−z∗l ) ∈ PMAX by Proposition 4.2. Now, Lemma 4.3 implies that z∗l = ±e∗ml

for some ml > nk.
The reader may now notice that ran(S) ⊆ span({e∗ml

: l ≥ 2} ∪ {y∗}), which
yields that e∗1 /∈ ran(S), a contradiction. Therefore | supp y∗| = n1 = 1 and we can
write y∗ = δ1e

∗
n1
. For all l ≥ 2, in order to suppS(e∗1 − e∗l ) ∈ PMAX, we must have

| suppS(e∗l )| = 1 and this concludes Claim 2. □

Claim 2 implies that there is a bijection σ of N such that for each n ∈ N,
S(e∗n) = εne

∗
σ(n), where |εn| = 1. We fix such σ for the rest of the proof.

Claim 3. For all n ∈ N, εn = ε1 and σ(n) = n.

Proof of Claim 3. Observe that the signs of the coordinates of S(e∗1 − e∗n) = ε1e
∗
1 −

εne
∗
σ(n) are alternating, thus εn = ε1. Moreover, for every n ∈ N, let n = m1 < · · · <
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mn+1 be such that σ(m1) < · · · < σ(mn+1) and notice that there is x∗ ∈ ext(BV ∗
1
)

such that suppx∗ = {m1, . . . ,mn+1} ∈ PMAX. Hence,

S(x∗) =

n+1∑
i=1

λiS(e
∗
mi

) =

n+1∑
i=1

λie
∗
σ(mi)

∈ ext(BV ∗
1
),

and {σ(m1), . . . , σ(mn+1)} = suppS(x∗) ∈ PMAX. We conclude that σ(n) =
σ(m1) = min suppS(x∗) = | suppS(x∗)| − 1 = n. □

From what we have done, we conclude that S = ±Id. Now, let T ∈ Isom(V1), it
follows that T ∗ = ±IdV ∗

1
and we have:

e∗m(T (en)) = (e∗m ◦ T )(en) = T ∗(e∗m)(en) = ±e∗m(en),

and we conclude that T = ±IdV1 . □

5. A rigidity result on Lorentz sequence spaces

Given a decreasing sequence w = (wn)n≥1 of positive real numbers such that
w ∈ c0 \ ℓ1, we define the Lorentz sequence space, denoted by d(w, 1), as follows:

d(w, 1) = {x = (xn)n≥1 ∈ RN : ∥x∥w,1 < ∞},

where ∥x∥w,1 = sup
π∈S∞

∞∑
i=1

|xπ(n)|wn and S∞ denotes the set of all permutations of

natural numbers. In this case, w is called a sequence of weights, the space d(w, 1)
endowed with ∥ · ∥w,1 is a Banach sequence space and the canonical vectors (en)n≥1

form a symmetric Schauder basis. We will omit the index in the norm to improve
readability.

It is well known that ∥x∥ is attainend by its decreasing rearrangement, i.e., the
sequence x̃ = (x̃n)n≥1 that is obtained from rearranging (|xn|)n≥1 as a decreasing
sequence via a permutation. In what follows, we will use the following notation:

W (n) =
n∑

i=1

wi. The reader may notice that because w /∈ ℓ1 is decreasing, we cannot

have wn = 0, thus (W (n))n≥1 is strictly increasing. This will be important in the
following results. We also include the following characterization of the extreme
points of d(w, 1):

Theorem 5.1 ([19, Theorem 2.6]). An element x ∈ Sd(w,1) is an extreme point of
Bd(w,1) if, and only if, there exists n0 ∈ N such that:

x̃n =


1

W (n0)
, if n ≤ n0,

0 , if n > n0.

and w1 > wn0
, when n0 > 1.

Without passing through the decreasing rearrangement x̃ of x, the previous
result states that x ∈ extBd(w,1) if, and only if, x = 1

W (n0)
εχA, where |A| = n0,

ε ∈ {−1, 1}A and, when A is not a singleton, wn0
< w1. Although this notation

is longer than the one used in Theorem 5.1, the computations we will carry out in
this section are done using the support of the elements in d(w, 1), thus the need of
introducing the signs of each non-null coordinate.
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Extending the language of [1], given two Banach sequence spaces X and Y and
λ ∈ R, we say that Isom(X,Y ) is λ-standard if it is composed by all T : X → Y
given by

(5.1) T (xn) = (λεnxπ(n)),

where ε = (εn)n ∈ {−1, 1}N is a sequence of signs and π ∈ S∞ is a permutation.
We say that an operator satisfying equation (5.1) is induced by the scalar λ, the
permutation π and the sequence of signs ε. Notice that if X = Y and λ = 1, this
coincides with the definition of standard group of isometries.

In this section we aim to prove that Isom
(
d(v, 1), d(w, 1)

)
is either empty or

λ-standard, depending on the weight sequences. As a consequence, we obtain a
Banach-Stone like result for Lorentz sequences spaces that is similar to the one
presented in [13] for the Lorentz function spaces Lw,p and, the space d(w, 1) and it’s
predual d∗(w, 1) have standard group of isometries. In our arguments, we will make
use of certain vectors which are supported in 2 or 3 elements of the canonical basis
and we will need them to be extreme points of the unit ball. This is guaranteed for
spaces whose sequence of weights w is strictly decreasing. Hence, from now on we
shall work under this assumption. In particular, we get from the previous theorem
that

ext(Bdw,1
) =

{
1

W (n)
εχA : n ∈ N, |A| = n and ε ∈ {−1, 1}A

}
.

Lemma 5.2. If T ∈ Isom
(
d(v, 1); d(w, 1)

)
, then, for all r, s ∈ N,

suppT (er) = suppT (es) or suppT (er) ∩ suppT (es) = ∅.

Proof. For each r ∈ N, by Theorem 5.1, there is a finite Ar ⊆ N and εr ∈ {−1, 1}Ar

such that T (er) =
v1

W (nr)
εrχAr . Let nr = |Ar|.

Given distinct r, s ∈ N, suppose that Ar ∩ As ̸= ∅ and fix q ∈ Ar ∩ As. Notice
that the point

z :=
εr(q)er + εs(q)es

V (2)
∈ extBd(v,1),

so that

T (z) =
1

V (2)

(
εr(q)

v1
W (nr)

εrχAr
+ εs(q)

v1
W (ns)

εsχAs

)
∈ extBd(w,1).

In the view of Theorem 5.1, all the non-zero coordinates of T (z) equal to 1
W (n) in

absolute value, where n = | suppT (z)|.
Now, if Ar ̸= As and, without loss of generality, there is p ∈ Ar \As, then

|T (z)(p)| = v1
V (2)W (nr)

<
v1

V (2)

(
1

W (nr)
+

1

W (ns)

)
= |T (z)(q)|,

a contradiction. Hence, if Ar ∩As ̸= ∅, then Ar = As. □

Lemma 5.3. If T ∈ Isom
(
d(v, 1); d(w, 1)

)
, then | suppT (er)| = | suppT (es)| for

all r, s ∈ N.

Proof. For each r ∈ N, by Theorem 5.1, there is a finite Ar ⊆ N and εr ∈ {−1, 1}Ar

such that T (er) =
v1

W (nr)
εrχAr

. Let nr = |Ar|.
Suppose, towards a contradiction, that for some distinct r and s, nr < ns. Then,

by Lemma 5.2, Ar ∩As = ∅.
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Fix a > 0 and let 0 < b <
aW (nr)

W (ns)
< a. Notice that

b

W (ns)
<

a

W (nr)
and

b

W (nr)
<

a

W (ns)
, thus, we can compute:

av1+bv2 = ∥aer+bes∥v,1 = ∥aT (er)+bT (es)∥w,1 = av1+
bv1(W (ns + nr)−W (nr))

W (ns)

and

av1+bv2 = ∥aes+ber∥v,1 = ∥aT (es)+bT (er)∥w,1 = av1+
bv1(W (nr + ns)−W (ns))

W (nr)
.

Manipulating the former equations yields:(
W (nr + ns)−W (ns)−W (nr)

)
·
(
W (ns)−W (nr)

)
= 0.

However, W (nr) < W (ns) because nr < ns implies the following:

W (nr + ns) = w1 + · · ·+ wns + wns+1 + · · ·wns+nr︸ ︷︷ ︸
<W (nr)

< W (ns) +W (nr),

a contradiction. □

Lemma 5.4. If T ∈ Isom
(
d(v, 1); d(w, 1)

)
, then:

suppT (er) ∩ suppT (es) = ∅

and, therefore, | suppT (er)| = 1 for every r ∈ N.

Proof. Suppose r, s ∈ N are distinct such that suppT (er) = suppT (es) and let t
be such that suppT (er) ∩ suppT (et) = ∅. Let n = | suppT (er)| = | suppT (et)|.
Hence, the nonzero coordinates of T (er), T (es), T (et) have absolute value equal to

v1

W (n) .

Then
1

V (3)
(er + es + et) ∈ extBd(v,1).

It follows that
1

V (3)
(T (er) + T (es) + T (et)) ∈ extBd(w,1),

which implies that all nonzero coordinates of T (er) + T (es) + T (et) have the same
absolute value.

On the other hand, it is easy to see that the nonzero coordinates of T (er) +
T (es) have absolute value equal to 2v1

W (n) , while the nonzero coordinates of T (et)

have absolute value equal to v1
W (n) . Since supp(T (er) + T (es)) is disjoint from

suppT (et), we get coordinates of T (er) + T (es) + T (et) with different absolute
values, a contradiction. □

We finally use the previous lemmas to prove the main result of this section:

Theorem 5.5. Let v, w ∈ c0 \ ℓ1 be stritcly decreasing. If Isom
(
d(v, 1); d(w, 1)

)
is non-empty, then there is λ > 0 such that v = λw and Isom

(
d(v, 1); d(w, 1)

)
is

λ-standard.
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Proof. Let T ∈ Isom
(
d(v, 1); d(w, 1)

)
. By Lemma 5.4, there is π ∈ S∞ such that,

for every n ∈ N, T (en) = λneπ(n) and since T is an isometry:

v1 = ∥en∥v,1 = ∥T (en)∥w,1 = ∥λneπ(n)∥w,1 = |λn|w1,

hence, for all n ∈ N, |λn| =
v1
w1

and we conclude that T (en) = λεneπ(n) with

(εn) ∈ {−1, 1}N and λ = v1

w1
.

Now, by induction on n we prove that vn
wn

= λ. Assume this holds for n ∈ N, so
that V (n) = λW (n). Notice that ∥

∑n+1
i=1 ei∥v,1 = V (n+ 1), while

∥T (
n+1∑
i=1

ei)∥w,1 = λ∥
n+1∑
i=1

εieπ(i)∥w,1 = λW (n+ 1).

Hence, V (n) + vn+1 = V (n + 1) = λW (n + 1) = λ(W (n) + wn+1), which implies
that vn+1 = λwn+1.

Finally, it is easy to see that in case v = λw, every operator T : d(v, 1) → d(w, 1)
defined by T (en) = λεneπ(n) is an isometry. □

It is easy to check that the standard unitary vectors (en) form a boundedly
complete Schauder basis for d(w, 1), thus it admits a predual. It is well known that
the predual of the Lorentz sequence spaces is:

d∗(w, 1) =

{
x = (xn) ∈ RN : lim

n

1

W (n)

n∑
i=1

x̃i = 0

}
,

endowed with the norm ∥(xn)∥W = sup
n

∑n
i=1 x̃i

W (n)
. The Lorentz sequence space is a

particular case of the Köthe space µw, and in the section 9 of [17], the author gives
a description of both the dual and the predual of d(w, 1) passing by the α-dual
space µ×

w (defined by Köthe and Toeplitz in [20]), although no explicit isometry is
given and we couldn’t find any references in the literature that describes the above
identification via an isometry. On the other hand, on recent papers the dual and
the predual of different constructions of Lorentz spaces are presented in [18] and in
[14] and we decided to include a proof here for the sake of completeness:

Proposition 5.6. The operator Φw : d∗(w, 1)
∗ → d(w, 1) given by Φw(f) =

(f(en))n≥1 is an isometry.

Proof. We will check that Φw is well defined. Fix f ∈ d∗(w, 1)
∗, denote ai = f(ei)

and for each π ∈ S∞ and n ∈ N, consider y(π, n) =
n∑

i=1

sgn(aπ(i))wieπ(i). Then

y(π, n) ∈ Sd∗(w,1) and:

n∑
i=1

|aπ(i)|wi = f(y(π, n)) ≤ ∥f∥ for all n ∈ N.

Thus, Φw well defined and ∥Φw(f)∥ ≤ ∥f∥. On the other hand, if y = (yn) ∈
d(w, 1), we will check that f : d∗(w, 1) → R by f(x) =

∞∑
n=1

xnyn, for x = (xn) ∈

d∗(w, 1), is a bounded functional.
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If x = (xn) ∈ d∗(w, 1), by the definition of the norm, S(n) :=
n∑

i=1

x̃i ≤ W (n)∥x∥W
for each n ∈ N. Thus:

n∑
i=1

ỹi x̃i =

n−1∑
i=1

[(
ỹi − ỹi+1

)
S(i)

]
+ ỹnS(n)

≤ ∥x∥W
n−1∑
i=1

[(
ỹi − ỹi+1

)
W (i)

]
+ ỹnW (n)

= ∥x∥W
n∑

i=1

ỹiwi ≤ ∥x∥W ∥y∥w,1.

We conclude that f is well defined and ∥f∥ ≤ ∥y∥w,1. Therefore, Φw is a surjec-
tive isometry. □

The next result shows that the isometries between preduals of Lorentz spaces
inherit the rigidity aspects of their dual spaces:

Theorem 5.7. Let v, w ∈ c0 \ ℓ1 be stritcly decreasing. If Isom
(
d∗(v, 1); d∗(w, 1)

)
is non-empty, then there is λ > 0 such that v = λw and Isom

(
d∗(v, 1); d∗(w, 1)

)
is

λ-standard. In particular, d∗(w, 1) has standard group of isometries.

Proof. Let T ∈ Isom
(
d∗(v, 1); d∗(w, 1)

)
and recall that the adjoint operator T ∗ :

d∗(w, 1)
∗ → d∗(w, 1)

∗ is also an isometry. We define an isometry S on d(w, 1) via the
following (commutative) diagram, where Φv and Φw are given by Proposition 5.6:

d(v, 1) d(w, 1)

d∗(v, 1)
∗ d∗(w, 1)

∗

S

Φv

T∗

Φw

Notice that it follows from the definiton of Φ that Φ−1(en) = e∗n for all n ∈ N
in each column of the diagram. By Theorem 5.5, S(zn) = (λεnzπ(n))n≥1, where

π ∈ S∞, ε ∈ {−1, 1}N and λ =
w1

v1
. Denoting y = T (x), because the above diagram

is commutative, for all k ∈ N:

yk = Φ−1
w (ek)(y) = Φ−1

w (ek)(T (x)) =
[
T ∗ ◦ Φ−1

w (ek)
]
(x)

=
[
Φ−1

v ◦ S(ek)
]
(x) = Φ−1

v (λεkeπ(k))(x) = εkxπ(k).

Thus, T is induced by λ and π ∈ S∞. In particular, when v1 = w1, we conclude
that v = w and that d∗(w, 1) has standard group of isometries. □

Declaration of generative AI and AI-assisted technologies in the
writing process

During the preparation of this work the authors used ChatGPT in order to im-
prove language and readability. After using this tool/service, the authors reviewed
and edited the content as needed and take full responsibility for the content of the
publication.
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